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Abstract 

Well-known conjectures of Tian predict that existence of canonical Kahler metrics should 
be equivalent to various notions of properness of Mabuchi’s K-energy functional. In some in¬ 
stances this has been verified, especially under restrictive assumptions on the automorphism 
group. We provide counterexamples to the original conjecture in the presence of continu¬ 
ous automorphisms. The construction hinges upon an alternative approach to properness 
that uses in an essential way the metric completion with respect to a Finsler metric and 
its quotients with respect to group actions. This approach also allows us to formulate 
and prove new optimal versions of Tian’s conjecture in the setting of smooth and singu¬ 
lar Kahler-Einstein metrics, with or without automorphisms, as well as for Kahler Ricci 
solitons. Moreover, we reduce both Tian’s original conjecture (in the absence of automor¬ 
phisms) and our modification of it (in the presence of automorphisms) in the general case 
of constant scalar curvature metrics to a conjecture on regularity of minimizers of the K- 
energy in the Finsler metric completion. Finally, our results also resolve Tian’s conjecture 
on the Moser-Trudinger inequality for Fano manifolds with Kahler-Einstein metrics. 


1 Introduction 

The main motivation for our work is Tian’s properness conjecture. Consider the space 

77 = {(jJ^ := ui + V—ldd(p : € C°°(M ), > 0} (1) 

of all Kahler metrics representing a fixed cohomology class on a compact Kahler manifold 

(M, J,w) 

Motivated by results in conformal geometry and the direct method in the calculus of varia¬ 
tions, in the 90’s Tian introduced the notion of “properness on 77” EH Definition 5.1] in terms 
of the Aubin nonlinear energy functional J [T] and the Mabuchi K-energy E m as follows. 

Definition 1.1. The functional E : 77 —>• R is said to be proper if 

VwjS'H, lim -A oo =>• \imE(u}j) —> oo. (2) 

j j 

Tian made the following influential conjecture m Remark 5.2], [59j Conjecture 7.12], Denote 
by Aut(M, J)o the identity component of the group of automorphisms of (M, J), and denote 
by aut(M, J) its Lie algebra, consisting of holomorphic vector fields. 

Conjecture 1.2. Let (M, J,w) be a compact Kahler manifold. 

(i) If aut(M, J) = 0 then 77 contains a constant scalar curvature metric if and only if E is 
proper. 

*2010 Mathematics subject classification 53C55, 32W20, 32U05. 
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(ii) Let I\ be a maximally compact subgroup o/Aut(M, J)o. Then TL contains a constant scalar 
curvature metric if and only if E is proper on the subset TL K C TL consisting of K-invariant 
metrics. 

Tian’s conjecture is central in Kahler geometry and has attracted much work over the past 
two decades including motivating much work on equivalence between algebro-geometric notions 
of stability and existence of canonical metrics, as well as on the interface of pluripotential theory 
and Monge-Ampere equations. We refer to the surveys 133 HU EH 02108]. 

We provide counterexamples to Conjecture [L2] (ii)—see Example 12.21 below. Perhaps more 
interesting than the examples themselves is the realization that Tian’s conjecture should be 
modified and phrased in terms of a Finsler structure on the space of Kahler metrics and 
properties of its metric completion. The metric completion approach turns out not only to be 
convenient but indispensable. In fact, our results show that properness with respect to the 
Finsler distance function characterizes existence of canonical Kahler metrics in many cases. 
It allows us to simultaneously unify, extend, and give new proofs of a number of instances of 
Tian’s conjecture and our modification of it, as well as resolve some of the remaining open 
cases. Moreover, we reduce the properness conjecture in the most general case of constant 
scalar curvature metrics to a problem on minimizers of the K-energy in the Finsler metric 
completion. Finally, our results immediately imply Tian’s conjecture on the Moser-Trudinger 
inequality for Kahler-Einstein Fano manifolds. This is the Kahler geometry analogue of Aubin’s 
strong Moser-Trudinger inequality on S 2 in conformal geometry. 

Approaching problems in Kahler geometry through an infinite-dimensional Riemannian 
perspective goes back to Calabi in 1953 m and later Mabuchi in 1986 0D]. These works 
proposed two different weak Riemannian metrics of L 2 type which have been studied extensively 
since. Historically, Calabi raised the question of computing the completion of his metric, 
which suggested a relation between the existence of canonical metrics on the finite-dimensional 
manifold M and the metric completion of the infinite-dimensional space TL. The first result in 
this spirit is due to Clarke-Rubinstein [22] who computed the Calabi metric completion, and 
proved the existence of Kahler-Einstein metrics on M is equivalent to the Ricci flow converging 
in the Calabi metric completion. Confirming a conjecture of Guedj [33], the Mabuchi metric 
completion was computed recently in [233 an d i n [21] a corresponding result for the Ricci flow 
in the Mabuchi metric completion was proved. Other results include the work of Streets |54| . 
who shows that one gains new insight on the long time behavior of the Calabi flow by placing 
it in the context of the abstract Riemannian metric completion of the Mabuchi metric. In 
Darvas-He [25], the asymptotic behavior of the Kahler-Ricci flow in the metric completion is 
related to destabilizing geodesic rays. We refer the reader to the survey [48] for more references. 

Perhaps surprisingly, a key observation of the present article is that not a Riemannian but 
rather a Finsler metric encodes the asymptotic behavior of essentially all energy functionals 
on TL whose critical points are precisely various types of canonical metrics in Kahler geometry. 
In fact, as pointed out in Remark 17.31 the same kind of statement is in general false for the 
much-studied Riemannian metrics of Calabi and Mabuchi. The Finsler structure that we use 
was introduced in [24] where its metric completion was computed. 

2 Results 

Much of the progress on Conjecture 11.21 has focused on the case of Kahler-Einstein, Kahler- 
Einstein edge, or Kahler-Ricci soliton metrics. In the setting of Kahler-Einstein metrics, 
one direction of the conjecture (properness implies existence) follows from work of Ding Tian 
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[;28|. while the converse for Conjecture 11.21 (i) was established by Tian [58] under a technical 
assumption that was removed by Tian-Zhu [62], The result furnished the first ‘stability’ 
criterion equivalent to the existence of Kahler-Einstein metrics, in the absence of holomorphic 
vector fields. 

Our first result disproves Conjecture 11.21 (ii) already in the setting of Kahler-Einstein met¬ 
rics, and establishes an optimal replacement for it. 

Theorem 2.1. Suppose is Fano and that K is a maximal compact subgroup of 

Aut(M, J)o with u E FL K . The following are equivalent: 

(i) There exists a Kahler-Einstein metric in FL K and Aut(M, J)q has finite center. 

(ii) There exists C, D > 0 such that E{rj) > CJ{if) — D, r) E FL K . 

The estimate in (ii) gives a concrete version of the properness condition Q. The direction 
(i) =>■ (ii) is due to Phong et al. [431 Theorem 2], building on earlier work of Tian [58] and 
Tian-Zhu [62] in the case aut(M, J) = 0, who obtained a weaker inequality in (ii) with J 
replaced by J s for some 5 E (0,1) (for more details see also the survey [61] p. 131]). 

Example 2.2. Let M denote the blow-up of IP 2 at three non colinear points. It is well-known 
that it admits Kahler-Einstein metrics [511 ‘60]. According to [291 Theorem 8.4.2], 

Aut(M, J) 0 = (C*) 2 . 

In particular, Aut(M, J)o is equal to its center. Thus, Coniecture ll.2l (ii) fails for M by Theorem 
12.11 (cf. [581 Theorem 4.4]). 

These results motivate a reformulation of Tian’s original conjecture. Albeit being a purely 
analytic criterion, properness should be morally equivalent to properness in a metric geometry 
sense, namely, that the Mabuchi functional should grow at least linearly relative to some metric 
on FL precisely when a Kahler-Einstein metric exists in FL. Our goal in this article is to make 
this intuition rigorous. 

To state our results we introduce some of the basic notions. Recall ([3]); the space of smooth 
strictly w-plurisubharmonic functions (Kahler potentials) 

Fl u := {tp € C°°(M) : € U} (3) 

can be identified with Mxl, Consider the following weak Finsler metric on FL U [24] : 

[ |£K, £ E T V FL U = C°°(M). (4) 

Jm 

We denote by d\ : FL u x FL U —>• M+ the associated path length pseudometric. According to [24] 
it is a bona fide metric. By looking at level sets of the Aubin-Mabuchi energy, it is possible to 
embed FL into FL u (see (f23lL . giving a metric space (' FL,d\). 

Suppose G is a subgroup of Aut(M, J)o- We will prove that G acts on FL by dj-isometries, 
hence induces a pseudometric on the orbit space FL/G , 

di t a(Gu,Gv) := inf di(f.u,g.v). 

f,g£G 

Following Zhou-Zhu [69] Definition 2.1] and Tian [61, Definition 2.5], [64]. we also define the 
descent of J to FL/G, 

Jg{Gu ) := inf J(g.u). 
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Definition 2.3. Let F : TL —>• R be G- invariant. 

• We say F is c?i.G~P r oper if for some C, D > 0, 

F(u) > Cdi t c(G0, Gu) — D. 

• We say F is Jc-proper if for some C, D > 0, 

F(u) > CJ g (Gu ) - D. 

The following result complements Theorem 12.11 bv giving yet another optimal replacement 
for Conjecture 11.21 (ii) in the setting of Kahler-Einstein metrics. The direction (iii) => (i) is 
due to Tian isn Theorem 2.6]. In the case of toric Fano manifolds, a variant of the direction 

(i) =>■ (iii) is due to Zhou-Zhu [821 Theorem 0.2], 

Theorem 2.4. Suppose (M,J,uo) is Fano. SetG := Aut(M, J)q. The following are equivalent: 

(i) There exists a Kahler-Einstein metric in TL. 

(ii) E is G-invariant and its descent to the quotient space Tl/G is d\_ G -proper. 

(iii) E is G-invariant and its descent to the quotient space TL/G is J G -proper. 

Remark 2.5. In both Theorems EU and 12.41 it is possible to replace E with the Ding functional 
|.27j. See Theorems 17.21 and 17.11 

It is interesting to compare Theorem 12.41 with yet another— perhaps more familiar—notion 
of properness. Denote by Ai the real eigenspace of the smallest positive eigenvalue of — A w , 
and set 

TL„ := {ip G TL : J (p'ifu n = 0, VV> € Ai}. 

When oo is Kahler-Einstein, it is well-known that Ai is in a one-to-one correspondence with 
holomorphic gradient vector fields |32j. Tian made the following conjecture in the 90’s [58, 
Conjecture 5.5], [59J Conjecture 6.23],[61 4 Conjecture 2.15]. 

Conjecture 2.6. Suppose (M, J,cj) is Fano Kahler-Einstein. Then for some C, D > 0, 

E{<P) > CJ(<p) -D, <p € n/j. 

Conjecture 12.61 was originally motivated by results in conformal geometry related to the de¬ 
termination of the best constants in the borderline case of the Sobolev inequality. By restricting 
to functions orthogonal to the first eigenspace of the Laplacian, Aubin was able to improve the 
constant in the aforementioned inequality on spheres [2, p. 235]. This can be seen as the sort of 
coercivity of the Yamabe energy occuring in the Yamabe problem, and it clearly fails without 
the orthogonality assumption due to the presence of conformal maps. Conjecture 12.61 stands 
in clear analogy with the picture in conformal geometry, by stipulating that coercivity of the 
K-energy holds in ‘directions perpendicular to holomorphic maps.’ It can be thought of as a 
higher-dimensional fully nonlinear generalization of the classical Moser-Trudinger inequality. 

It is a rather simple consequence of the work of Bando—Mabuchi [3] that when a Kahler- 
Einstein metric exists, •/<:;-properness implies J-properness on Tl/f [551 Corollary 5.4],j69, 
Lemma A.2],[61', Theorem 2.6]. Therefore, Theorem 12.41 resolves Tian’s conjecture. 

Corollary 2.7. Conjecture 1 2. 6\ holds. 
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In particular, this provides a new functional inequality on S 2 . This inequality seems differ¬ 
ent from Aubin’s well-known inequality [21 Theorem 6.70], especially in view of Sano’s example 
I®, Remark 1.1]. It would be interesting to compare it to ITT. Theorem 10.11]. 

Motivated by Theorem 12. 41 we make the following conjecture. In the case of Kahler-Einstein 
metrics, Tian m p. 127] already conjectured the equivalence of (i) and (iii). 

Conjecture 2.8. Let be a compact Kahler manifold. Set G := Aut(M, J)o - The 

following are equivalent: 

(i) There exists a constant scalar curvature metric in TL. 

(ii) E is G-invariant and its descent to the quotient space Ti/G is d\ : a-proper. 

(iii) E is G-invariant and its descent to the quotient space TL/G is Jc-proper. 

It would be interesting to compare Conjecture 12.81 to m Conjecture 6.1]. We refer the 
reader to Remark 17.31 

We reduce Conjecture 12.81 to a purely PDE problem of regularity of minimizers. To phrase 
the result, we denote by £\ the d\ -metric completion of TL. We denote still by E the greatest 
di-lower semicontinuous extension of E to £\. We refer to Sections 0H5] for precise details. 

Conjecture 2.9. Minimizers of E over £\ are smooth. 

Conjecture 12.91 is inspired by previous work of many authors and, as recalled in H5.5I it 
is already known in the case of Kahler-Einstein (edge) metrics or Kahler-Ricci solitons by 
combining previously known results. Observe that a resolution of Conjecture 12.91 would also 
imply [20, Conjecture 6.3]. 

The modified properness conjecture follows from the previous one. 

Theorem 2.10. Conjecture 12. .91 implies Conjecture d 2. 81 

We also establish sharp versions of the properness conjecture in the setting of Kahler- 
Einstein edge metrics and Kahler-Ricci solitons. Denote by Aut x (M, J)o the subgroup of 
Aut(M, J)o defined in ([851) . For a precise statement of the following result see Theorem l8.il 

Theorem 2.11. Suppose (M, 3,u) is Fano and let X € aut(M, J). Set G := Aut x (M, J)o- 
Then a version of Theorem \2.4\ holds both for the Tian-Zhu modified K-energy E x and for the 
modified Ding functional F x . 

A version of Theorem 12.111 in the absence of holomorohic vector fields is due to m- 
Denote by Aut(M, D, J)o the subgroup of Aut(Af, J)o defined in (|88l) . For a precise state¬ 
ment of the following result see Theorem 19.11 

Theorem 2.12. Suppose (M, J,lo) is a compact Kahler manifold and a smooth divisor D C M 
satisfying ci(M) —(1— /3)[D] = [w] for some /3 € (0,1). SetG := Aut(M, D, J)o- Then aversion 
of Theorem \2.4\ holds both for the twisted K-energy E 13 and for the twisted Ding functional F@. 

In the absence of holomorphic vector fields, i.e., when G is trivial, some versions of Theorem 
12.121 exist in the literature. The direction (iii) => (i) is due to [38, Theorem 2], A version of 
the direction (i) (iii) in the special case of D plurianticanonical on a Fano manifold (which 
implies the triviality of G) is due to [21, Proposition 3.6], [65] Corollary 2.2],[66] Theorem 0.1]. 

Remark 2.13. Versions of Corollary 12.71 for Kahler-Einstein edge metrics and Kahler-Ricci 
solitons also follow from our work. We omit the statements for brevity. 
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2.1 Sketch of the proofs 


As already noted, much work has gone into showing different versions of Tian’s conjecture. 
These works are mostly based on the continuity method, the Ricci flow and the J-flow. To cite 
a few papers from a rapidly growing literature, we mention [13 031 |52j H9j |53[ 1351 |69] |68] and 
references therein. 

Perhaps one of the main thrusts of the present article is that it is considerably more powerful 
to use the Finsler geometry of T~L and various of its subspaces to treat in a unified manner 
essentially all instances of the properness conjectures. In this spirit, we state a completely 
general existence/properness principle (Theorem 13.41) . This principle is stated in terms of four 
pieces of data: the space of regular candidates 1Z. a metric d on it, a functional F defined on 
7Z, and a group G acting on 1Z. The data is assumed to satisfy four axioms, or conditions, that 

Roughly stated, the existence 


we denote by (Al) - (A4) we refer the reader to Notation 13.11 
principle guarantees F is d^-proper on 1Z if and only if the data satisfies seven additional 
properties that we denote by (PI) (P7)| we refer the reader to Hypothesis 13.21 

Property |(P 1)| guarantees F is convex along ‘sufficiently many’ d-geodesics, and is inspired 
by the work of Berndtsson [T2]. Property | (P2)| is a compactness requirement for minimizing 
sequences, and is inspired by the work of Berman et al. [131 El - Property |(P3)| is a regularity 
requirement for minimizes, and is inspired by the work of Berman and Berman-Witt-Nystrom 
[Sill]- Property |(P4)| stipulates that G act by d-isometries. Property |(P5)| requires that G act 
transitively on the set of minimizes, and is inspired by the classical work of Bando-Mabuchi 
and its recent generalizations by Berndtsson and others. Property |(P6)| seems to be a new 
ingredient. It requires that in the presence of minimizers the pseudonretric do is realized 
by elements in each orbit. Property |(P7)| is standard and requires the ‘cocycle’ functional 
associated to F to be G- invariant. 

Section 0 is devoted to the proof of the existence principle. Section 0] recalls necessary 
preliminaries concerning the Finsler geometry from [23]. Section [5] is rather lengthy and studies 
basic properties of energy functionals relative to the Finsler metric completion. In particular 
we verify condition |(A2)| and properties (P3) and (P4)| in the particular cases of interest. 
Section [6] is devoted to the proof of property (P6) A technical input here is a partial Cartan 


decomposition (Proposition 16.2j) . Finally, in the remaining sections we prove various instances 
of the properness conjecture. Section [7] contains the proof of results containing Theorems 12.11 
and 12. 41 Section [8] contains the proof of Theorem 12. Ill Section [9] contains the proof of Theorem 
12.121 Section [TO] contains the proof of Theorem 12.101 


3 A general existence/properness principle 

Notation 3.1. The data ( lZ,d,F,G ) is defined as follows. 

(Al) (7Z, d ) is a metric space with a special element 0 € 7 Z, whose metric completion is denoted 
(7Z,d). 

(A2) F : 1Z —» M is lower semicontinuous (lsc). Let F : 1Z —>• M U {+oo} be the largest lsc 
extension of F : 1Z —>• R: 

inf F(u)), u € TZ. 

v&l ) 

d(u,v)<£ 

For each u,v GlZ define also 

F(u,v ) := F(v) — F(u). 


F(u ) = sup 

£>0 
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(A3) The set of minimizers of F on TZ is denoted 

M := {u € 77 : F{u) = inf_F(i;)). 

f v&l J 

(A4) Let G be a group acting on 77 by G x 77 3 (g, u) —>• g.u E 77. Denote by 7 Z/G the orbit 
space, by Gu € 7 Z/G the orbit of u E 7Z , and define do : 77/G x 7Z/G —> M + by 

dc(Gu,Gv) := inf^ d{f.u, g.v). 


Hypothesis 3.2. The data (7Z,d,F,G) satisfies the following properties. 


(PI) For any uo,«i € 72. there exists a d-geodesic segment [0,1] 3 1 4 «f E K for which 
t F(u t ) is continuous and convex on [0,1]. 

(P2) If {uj}j C 1Z satisfies lim^oo F(uj) = inf ^F, and for some C > 0, d(0,Uj) < C for all 
j, then there exists a u E M. and a subsequence {?%}& d-converging to u. 

(P3) MC 71. 

(P4) G acts on 7 Z by d-isometries. 

(P5) G acts on M transitively. 

(P6) If M 7^ 0, then for any u, v € TZ there exists g E G such that dc{Gu, Gv) = d(u,g.v). 
(P7) For all u, v E TZ and g E G, F(u,v ) = F{g.u, g.v). 


We make two remarks. First, 


by (A2) 


in£F(u) = inf F{v). 
veil v&n 


(5) 


Second, thanks to |(P4)| and the next lemma, the action of G, originally defined on TZ in |(A4)[ 
extends to an action of G by d-isometries on the metric completion TZ. 

Lemma 3.3. Let {X,p) and ( Y,5 ) be two complete metric spaces, W a dense subset of X and 
f : W Y a C-Lipschitz function, i.e., 


5(f(a),f(b))<Cp{a,b), Va, 6 E IF. (6) 

Then f has a unique C-Lipschitz continuous extension to a map f : X —>• Y. 

Proof. Let Wk € W be a Cauchy sequence converging to some w E X. Lipschitz continuity 
gives 

8(f(wk),f(wi)) < Cp(w k ,wi ), 

hence f(w) := lirrij. f{wjf) E Y is well defined and independent of the choice of approximating 
sequence Wk- Choose now another Cauchy sequence Zk € IF with limit z € X, plugging in 
Wk, Zk in © and taking the limit gives that / : X —>• Y is C-Lipschitz continuous. □ 

The following result will provide the framework that relates existence of canonical Kahler 
metrics to properness of functionals with respect to the Finsler metric. 
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Theorem 3.4. Let (77, d, F, G) be as in Notation \3.1\ and satisfying Hypothesis 1 3. 31 The 
following are equivalent: 

(i) M. is nonempty. 

(ii) F : 77 —>■ R is G-invariant, and for some C, D > 0, 

F(u) > Cd G (G0, Gu ) - D, for all uGll. (7) 


Remark 3.5. The G-invariance condition can be considered as a version of the Futaki obstruc¬ 
tion pmj . 


Proof, (ii) (i). If condition (ii) holds, then F is bounded from below. By (0), ([7J), the 
G-invariance of F and the definition of d G there exists Uj £ 77 such that linij F(v,j) = inf ^F 
and d(0,Uj) < d G (G0,Guj) + 1 < G for G independent of j. By |(P2)[ N4 is non-empty. 

(i) => (ii). We start with a standard lemma. 


Lemma 3.6. (i) If (Pf) holds, ( IZ/G,d G ) and (7 Z/G,d G ) are pseudo-metric spaces, 
(ii) If M. / 0, (Pf) and (P6) hold, ( IZ/G,d G ) is a metric space. 


Proof, (i) It is enugh to show that (7 Z/G,d G ) is a pseudo-metric space. Using [(P4)| and the 
fact that d is symmetric, 


d G (Gu,Gv ) := inf d(f.u,g.v ) = inf d(u,h.v) = inf d(h.v,u ) = d G (Gv,Gu). 
f,gcG heG heG 

Thus, d G is symmetric. 

Since d is nonnegative, given u,v,w £ 77 and e > 0, there exist f,g € G such that 
d G (Gu,Gw) > d(f.u,w) — e and d G (Gv,Gw) > d(g.v,w ) — e. The triangle inequality for 
d and (P4) give 

d G (Gu,Gv ) < d(u,/ _1 c/.u) = d(f.u,g.v) 

< d(f.u , w ) + d(g.v, w) < 2e + d G (Gu , Gv ) + d G (Gv, Gw). 


Letting e tend to zero shows d G satisfies the triangle inequality. Thus d G is a pseudo-metric. 

(ii) Since d is nonnegative so is d G . Now, let u, v € 77 satisfy d G (Gu,Gv) = 0. By |(P6)[ 
d{u, f.v ) = 0 for some / £ G. Since d is a metric, u = f.v , hence Gu = Gv. □ 

A geodesic in (77, d) need not descend to a geodesic in (IZ/G,d G ). Even when a geodesic 
does descend, its speed may not be the same in the quotient space. A simple example in our 
cases of interest is a one-parameter subgroup of G acting on a fixed element u £ 77, whose 
descent is a trivial geodesic. 

The next lemma gives a criterion for when a geodesic in (77, d) descends to a geodesic in 
(77/G, d G ) with the same speed. 

Lemma 3.7. Suppose that M. / 0, | (Pf)\ and \ ( P6 )\ hold. Letuo,u\ £ 77 satisfy d G {GuQ,Gu\) = 
d{uo,u\), and let C 77 be a d-geodesic connecting uq and u\. Then, {Gii*C 

77/G is a d G -geodesic satisfying 


d G (Gu a ,Gu b ) = d(u a ,u b ) = \b - a\d(u 0 ,ui), Ma,be [0,1]. 























Proof. Since d(uo,u a ) + d(u a ,u b ) + d(u b , u\) = d(uo,u\) we can write 


d G ([uo], M) < d G ([u 0 ], [u a ]) + d G ([u a ], [u b ]) + d G ([u b ], [«i]) 
< d(u 0 ,u a ) 4- d(u a ,u b ) + d(u b , u±) 

= d(u 0 ,ui) = d G ([u 0 ], [tti]). 


Hence, there is equality everywhere, so d G ([u a \, [tt&]) = d(u a ,u b ) = \a — b\d(uo,ui). 
Lemma 3.8. Suppose that (i) holds. Then F : 1Z —>■ M is G-invariant. 


□ 


Proof. By assumption, M. is nonempty. Let v £ M.. By (P3)[ v £ 1Z. By (P4), f.v £ M. for any 
/ E G. Thus, F(y) = F(f.v). By |(A3) subtracting F(u) from both sides, F(u,v) = F(u,f.v ) 
for any u € 1Z. By (P7), F{u,v) = F(f~ 1 .u,v), so adding F(v) to both sides yields that 
F(u) = F(f.u) for every / E G. □ 


By the above lemma it makes sense to introduce Fq : 1Z/G 
c^uotient 1Z/G. Let v E M. C 1Z. Define, 


L the descent of F to the 


C := inf 


F g (Gv, Gu) 
d c (Gv,Gu ) 


: u E 1Z, d G (Gv, Gu) > 1 


If C > 0, then we are done. Suppose (7 = 0. Then by (P4) there exists u{k) € 1Z such that 
F G (Gv,Gu(k))/d G (Gv,Gu(k)) —> 0 and d(v,u(k)) = d G (Gv,Gu(k )) > 1. By Lemma [3781 in 
fact F g (Gv,Gu ) = F(v,u). Thus, 

F{v, u(k)) _^ Q 
d(v, u(k)) 

Using |(PlJ] let [0, d(v ,u(k))] 3 M u(k)t £ 1Z be a unit speed d-geodesic connecting u(k )o = v 
and u(k)d( V}U (k)) = u {k) such that t i->- F(u(k)t ) is convex. As v is a minimizer of F. by 
convexity we obtain 

F(v, u(k )) 


0 < F(u(k) i) — F(v) < 


0 . 


( 8 ) 


d(v, u(k )) 

As d(v,u(k)i) = 1, |(P2)| and (j8|) imply that after perhaps passing to a subsequence of u(k)\ 
we have d(u{k) i,u) —> 0 for some v £ M . By (P5)[ v = f.v for some f £ G. Now, 


0 = d(f.v, v) > d(f.v,u(k) i) - d(u(k)i,v). 


(9) 


By Lemma [3771 d G {Gv,Gu{k)\) = d(v,u(k)i) = 1. Thus, d(f.v,u(k) i) > d G (Gv,Gu(k) i) = 1. 
Since d(u(k)i,v) —>• 0, it follows that d(f.v,v) > 1, a contradiction with ©. Thus (ii) holds, 
concluding the proof of Theorem 13.41 □ 

Remark 3.9. (i) The first direction in the above proof only uses the compactness condition |(P2)| 
(ii) By density, equation dTJ) is in fact equivalent to 


F(u) > Cd G (G0, Gu) — D, for all u £lZ. 


( 10 ) 


(iii) In this article we will always verify a stronger condition than |(P6)[ namely that for every 
u,v £ 7Z there exists g £ G such that d(u,g.v) = d G (Gu, Gv). 


Theorem 13.41 and the compactness condition (P2) have the following consequence. 


Corollary 3.10. Suppose M. is nonempty. Then if Uj £ TZ satisfies F{uj) —3 inf 7 ^ F, then 
there exists gj £ G and u £ M such that g.jUj — u. 
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In the search for canonical Kahler metrics one often studies geometric data that minimizes 
in the limit an appropriate energy functional F. Examples include the Ricci flow along with 
its twisted and modified versions, the Ricci iteration, or the (weak) Calabi flow. As stated, 
the above result partially generalizes m Theorem B (ii)] and [5] Theorem 1.2], each of which 
treats a particular case of interest in the presence of a trivial automorphism group. 

To mention a concrete application, as it will be clear after the proof of Theorem 17.11 the 
above corollary gives d\ -convergence up to automorphisms of the Ricci iteration in the presence 
of a Kahler-Einstein metric. Smooth convergence up to automorphisms was conjectured in m 
Conjecture 3.2]. 


4 The Finsler geometry 


Let (M, J,o;) denote a connected compact closed Kahler manifold. Recall (fill) : the space of 
smooth strictly w-plurisubharmonic functions (Kahler potentials) 

Hu := {ip € C°°(M) : u v € H}, (11) 

can be identified with Hxl, For any ip € Hu the total volume 

V := f u£. (12) 

Jm 

is constant independent of (p. Consider the following weak Finsler metric on Hu [51]: 

MWv-V- 1 [ |£K, £ € TyHu = C°°(M). (13) 

Jm 

Remark 4.1. More generally, one may consider L p metrics on 'Hu |2l]. The case p = 2 is the 
much-studied weak Rienrannian metric of Mabuchi mentioned in the Introduction. Though it 
may seem surprising at first, in this article we only need an understanding of the case p = 1. 

A curve [0,1] 9 t —>• at € H is called smooth if a(t,z) = ctt(z) £ C' oo ([0,1] x M). Denote 
at := da(t)/dt. The length of a smooth curve t —X at is 


h(a) 



\&t licet 


Definition 4.2. The path length distance of (Hu, || ■ ||) is defined by 


(14) 


di(uo,u\) := inf{7i(a) : a : [0,1] —> Hu is a smooth curve with a(0) = uq, a(l) = rii}. 


We call the pseudometric d\ the Finsler metric. 

It turns out d\ is a bona fide metric [51, Theorem 3.5]. To state the result, consider 
[0, ljxRxM as a complex manifold of dimension n- 1-1, and denote by n 2 : [0, ljxRxM —>• M 
the natural projection. 

Theorem 4.3. ( Hu,d \) is a metric space. Moreover, 


di(u 0 ,ui) = IKiolL > 0, (15) 

with equality iff uq = u\, where uq is the image of (uo,ui) € Hu x Hu under the Dirichlet-to- 
Neumann map for the Monge-Ampere equation, 

p G PSH(7t*o;, [0, ljxlx M), (vr^w + y/—l ddp >) n+1 = 0, <£>|{i} X R = u i, * = 0,1. (16) 
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The Dirichlet-to-Neumann operator simply maps (uo,ui) to the initial tangent vector of 
the curve t ut that solves (USD. Since u is -n^w-psli and independent of the imaginary part 
of the first variable, it is convex in t. Thus, 


Uo(x) := lim 
t- s-0+ 


u(t, x ) — uq(x) 


(17) 


with the limit well-defined since the difference quotient is decreasing in t. Let 

PSH(M, w) = {ip £ L 1 (M,uj n ) : <p is upper semicontinuous and > 0}. 
Following Guedj-Zeriahi |34l Definition 1.1] define, 

£(M,u) := {(p £ PSH(M,o;) : lim f (iv + \J— l<9<9max{<£>, j}) n = 0}. 

j ^~°° J{v<j} 


For each £ £(M, uj), define 

: = lim l|<o>n(w + v^<9<9max{(/?, j}) n . 

By definition, l{ ¥ , >J j(x) is equal to 1 if ip(x) > j and zero otherwise, and the measure (ui + 
\J— ldd max{(/9, j }) n is defined by the work of Bedford-Taylor [3] since ma x{ip,j} is bounded. 
Define, 

£i := {(p £ £(M,u) : J \<p\u™ < oo}. 

The next result characterizes the di-metric completion [231 Theorem 2]. 

Theorem 4.4. The metric completion of(7-L ul ,di) equals {£\,d\), where 

di{uQ,ui) := lim di(u 0 (k), u±(k)), 

k—> oo 

for any smooth decreasing sequences {ui(k)}k£^ C 71 u converging pointwise to Ui £ £\,i = 0,1. 
Moreover, for each t £ (0,1), define 

u t ■= lim u t {k), t £ (0,1), (18) 

k—> oo 

where ut(k ) is the solution of (flUl) with endpoints Ui(k),i = 0,1. Then ut £ £\, and the 
curve t —>• ut is well-defined independently of the choices of approximating sequences and is a 
di-geodesic. 


5 Action functionals and their Euler—Lagrange equations 

In 45.1115.31 we review certain energy functionals on 77 and 77^. For an expository survey of 
this topic we refer to [381 §5]. 


5.1 Basic energy functionals 

The most basic functional, introduced by Aubin [lj, is defined by 

m = jm ■■= v- 1 [ f 

J M n+ 1 J M “ 


A L Jp. 


(19) 
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The notation J(<p) = J(jJ v ) is justified by the fact that J(ip) = + c) for any c € R. The 

Aubin-Mabuchi functional was introduced by Mabuchi m Theorem 2.3], 

AMM := y 1 [ <pu n - J(<p) = A uy, (20) 

Note that 

y-l r n 

AM(v)-AM(«) = — AwJ. (21) 

n+1 JM S 

Among other things, this formula shows that 

u < v =>- AM(u) < AM(r). (22) 

One can characterize d \-convergence very concretely, as elaborated below. In addition, we 
note that monotone sequences with limit in £\ are always di-convergent [2T, Proposition 5.9, 
Proposition 4.9]: 

Lemma 5.1. Suppose that {rife} C £\ and u G £\. Then the following hold: 

(%) d\(uk,u ) —>• 0 if and only if AM(ri^) —>• AM(n) and uf. —>• u in L 1 (M, u n ). 

(ii) If {uk} increases (or decreases) pointwise a.e. to u then di(uk,u) —> 0. 

The subspace 

n 0 := AM-^OjOWo, (23) 

is isomorphic to % (jT]) , the space of Kahler metrics. We use this isomorphism to endow TL with 
a metric structure, by pulling back the Finsler metric defined on TL^. 

Lemma 5.2. (i) AM, J : —>• M each admit a unique d\-continuous extension to £\ using 

the same formula as (120]) and (USD. 

(ii) AM is linear along the d\-geodesic t —» ut defined in (USD. 

(Hi) The subspace (£\ n AM 1 (0),di) is a complete geodesic metric space, coinciding with the 
metric completion of(Ho,di) (recall (1251) ). 

Proof, (i) In [9| it is shown that for u \,..., Uk € £\, the positive currents 

U ^u 2 A w u 3 A • • • A a 

can be defined by approximating m by a decreasing sequence of smooth functions (tq(fc)} C Tl u 
so that the limiting measure is independent of the choice of such sequences. Thus, formula (1201) 
makes sense for all u € E\. On the other hand, decreasing sequences converge in d± by Lemma 
o (ii). Thus, to prove (i) for AM it remains (by Lemma 13.31 and Theorem 14.41) to show that 
AM is di-Lipschitz continuous as a function from to M. This is proved below in Lemma 
15.151 (take X = 0). 

Next, Lemma 15.11 (i) gives that u —» j x uui n is also o?i-continuous. Thus, (12U1) implies that 
also J admits a unique di-continuous extension to £\, and (1191) still holds for the extension. 

(ii) It is well known that t —>• AM(rq) is linear for solutions of (1161) when uq, u\ € £± n L°°(M ) 
[6] Remark 4.5]. 

When uo, u\ € £\, let ut(k) be the sequence of curves in the definition of iq (1151) . For each t, 
the sequence u(k)t decreases pointwise to ut , hence by Lemma l5dT ii) we have di(u(k)t,ut) —>• 0. 
As AM is di-continuous, this gives AM (u(k)t) —>• AM(rtt). By the above we also have that 
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t —>• AM(u(k)t) is linear. Taking the limit k —» oo we can conclude that t —> AM(it^) is also 
linear. 

(iii) As AM : E\ —>• M is dj-continuous, it follows that E\ fl AM _1 (0) is di-closed. From (ii) it 
follows that (£\ n AM _1 (0), d\) is a geodesic metric space. □ 


As proposed in [9], using monotonicity (1221) it is possible to extend AM further to a func¬ 
tional on PSH(M, uj) taking —oo as a possible value [9]: 

AM(p) := lim AM(max(y>, &)), p E PSH(M, w). (24) 

k — y —oo 


By Lemma 15.11 di(max(y>, k), p) —>• 0 when p E £±, hence this extension agrees with the one 
given the previous lemma. In fact the following result from [9|: 

Lemma 5.3. Suppose p E PSH(M, u). Then p E £\ if and only if AM.(p) > —oo. 

Proof. We can suppose that sup M p = 0 and denote p k = nra x(p, —k). By Bedford-Taylor [3], 
we can define a functional / : £\ n L°° —» M by 


I(u) -.= V~ l ( u(u n - <). 

Jm 

Recall that for u E £\ D L°°m m 

AM(u) = (/ - J)(u) + R” 1 J uu™, (25) 

and since f uuj{\ A aj n ~^ < f uul 1 A a; n_J+1 (integration by parts is again justified by [4]) [1] 

71 

0 < (I — J)(u) < —— I(u ). 

- v ' - n + i v ' 

Thus, 

R _1 [ pku™ < AM (p k ) < f pk^ + [ p k u n . 

Jm n + 1 J m Vk n +1 J M 

For k big enough sup M p k = 0, hence by (1271) below, the rightmost term in the above estimate 
is uniformly bounded. Lastly, [34, Proposition 1.4] gives that — J M \p\ u ^> = li m fc Jm , 
concluding the proof. □ 


Observe that, 

J(p) = V- 1 [ pcu n , p E n 0 . (26) 

Jm 

Recall that Green’s formula implies that for all u E PSH(M, w), there exists a constant 
C > 0 depending only on (. M,oj ) such that [59, p. 49] 

sup u < V j uuj n + C < sup u + C. (27) 

m Jm m 

Next, we recall a concrete formula for the d± metric relating it to the Aubin-Mabuchi energy 
and also give a concrete growth estimate for d\. First we need to introduce the following rooftop 
type envelope for u, v E £\ : 

P(u,v)(z) := sup {'ic(z) : w E PSH(M, w), w < min{u,u}}. 

Note that P(u,v ) E £\ [23.. Theorem 2]. We recall the following properties of d\ [231 Corollary 
4.14, Theorem 3]. 
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Proposition 5.4. Letu,v(z£\. Then, 

di(u,v) = AM(u)+AM(d) - 2AM(P(u,i>)). (28) 

Also, there exists C > 1 such that for all u, v E £\, 

C~ l d\(u,v) < I \u — v\u™ + / \u — v\uj™ <Cd\(u,v). (29) 

Jm Jm 

The following result is stated in [241 Remark 6.3]. As it will be essential for us, we give a 
proof here. 

Proposition 5.5. There exists C',C > 1 such that for all u E TLq (recall flZ3j) ): 

-p- suprt — C' < -^J(tt) — C < di(0, w) < CJ(u ) + C < C' supn + C'. 

C m £ M 

Proof. Let u E "Ho- Equations (1271) and (1291) imply that (y sup M u — C' < di(0, u). Now, 
u — sup M u < min{0, u}, so u — sup M u < P(0,u). Thus, — sup M u = AM(rt — sup M u) < 
AM(P(0, u)). Combined with (1281) . 

di(0, u) = — 2AM(P(0, u)) < 2 sup u. 

M 

Finally, J{u) and sup M « are uniformly equivalent by (1261) and (|27l) . □ 

Finally, we recall two crucial compactness results. The first is a variant of a result of Berman 
et al [H], 

Theorem 5.6. Let p > 1 and suppose p = foj n is a probahilty measure with f E L P (M). 
Suppose there exists C > 0 such that {uk}k C £\ satisfies 

| sup -Ufcl <C, / log — < C. 

m Jm T 

Then {u/~} contains a di-convergent subsequence. 

Proof. According to Berman et al. 12 Theorem 2.17], {u^} contains a subsequence Uj k con¬ 
verging ’in energy’ to some u E £\, i.e., ||tt — 0 an d AM(rtj fc ) —> AM(it). 

According to Lemma 15.11 this latter convergence is equivalent to di-convergence. □ 

The second compactness result we recall is an often used version of Zeriahi’s generalization 
of Skoda’s uniform integrability theorem [63- 

Theorem 5.7. Consider the set 

{rt E S\ : | sup it |, |AM(it)| < C}. (30) 

M 

For any p > 0 there exists C'(C,p) > 0 such that for all u belonging to ([301) . 

[ e~ pu u> n <C'. 

Jm 

Proof. The map ip i->- AM(<y9) is upper semicontinuous (use) with respect to the L 1 (Af, oj n )~ 
topology, while the map ip i->- sup M tt is continuous with respect to the L 1 (M, w n )-topology. 
Thus, the set (1301) is compact with respect to the L 1 (M, cu n )-topology. According to [34l 
Corollary 1.8] the elements of this set all have zero Lelong numbers. Hence, the requirements 
of [671 Corollary 3.2] are satisfied finishing the proof. □ 
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5.2 Modified basic functionals arising from holomorphic vector fields 

Let Auto(M, J) denote the connected component of the complex Lie group of automorphisms 
(biholomorphisms) of (M, J) and denote by aut(M, J) its Lie algebra of infinitesimal automor¬ 
phisms composed of real vector fields X satisfying Lx J = 0, equivalently, 


J [X,Y] = [X, jy], VI £ aut(M, J), VL £ cliff(M), (31) 

where diff(M) denotes all smooth vector fields on M. Thus aut(M, J) is a complex Lie algebra 
with complex structure J. 

The automorphism group Aut(M, J)o acts on TL by pullback: 

f-V ■= f*i1, f € Aut(M, J) 0 , rj £ TL. (32) 


Given the one-to-one correspondence between TL and TLq, the group Aut(M, J)o also acts on 
TLq. The action is described in the next lemma. 

Lemma 5.8. For £ TLq and f € Aut(M, J)o let f.tp £ TLq be the unique element such that 
= Then, 

f.<p = f.O + ipo f, f £ Aut(M, J) 0 , P^TLq. (33) 


Proof. Note that (fT~fli is a Kahler potential for f*uJ v . Indeed, / € Aut(Af, J) implies that 
f*y/^ldd(p = yf^lddip o /. That AM(/.0 + cp o /) = 0 follows from (12TT) as we have: 


AM(/.*>) = AM (f.p) - AM(/.0) 



AM{tp) - AM(0) = 0. 


□ 


Lemma 5.9. The action of Aut(M, J)o on TLq is a d\-isometry. 

Proof. From (l33lh 

-jff-Vt = f>t° /, 

for any smooth path t <pt in FLq. Thus, the di-length of t —» f.ip t is 

/V - 1 f \p t of\r^ t dt= /V - 1 f i vtiu^dt, 

J 0 JM J 0 Jm 

equal to the di-length of (ft- □ 

Lemma 5.10. The action of Aut(M, J)o on TLq has a unique d\-isometric extension to the 
metric completion (TLo,di) = (£\ n AM _1 (0), d±). 

Proof. Because Aut(M, J)o acts by di-isometries, each / £ Aut(M, J)o induces a 1-Lipschitz 
continuous self-map of TLq. By Lemma 13.31 such maps have a unique 1-Lipschitz extension to 
the completion £\ fl AM _1 (0) and the extension is additionally di-isometry. By density, the 
laws governing a group action have to be preserved as well. □ 

Let G C Aut(M, J)o be a subgroup. Then the functional Jq ■ £i H AM -1 (0)/G —>• M is 
introduced as 

J G (Gu) := inf J(f.u). (34) 

/ECr 

We have the follwing estimates: 
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(35) 


Lemma 5.11. For u £ £\ D AM 1 (0) we have 

^J g {Gu ) -C< d h G(GO,Gu) < CJ g {Gu) + C, 

where di t c is the pseudometric of the quotient £\ n AM _1 (0)/G. 

Proof. By Lemma 15.91 

d\ t c(GO. Gu) = inf di(0 ,f.u). 

/gg 

The result now follows from Proposition 15.51 □ 


The infinitesimal action of the Lie algebra aut(M, J) on associated to (1321) naturally 
induces a vector field fj x on 7~L given by 

ry i-)- if) X £ where CxV = \f— lddip x and V^ 1 f M r\ n = 1. (36) 

Denote the A 2 (Af, rf l ) inner product by ( • , • )^x. The operator 

L x :=A v + X (37) 


is self-adjoint with respect to ( • , • )^x whenever X is the gradient vector held of if x with 
respect to ry, i.e., 

X = Vtf, (38) 

where the gradient is with respect to g v . Observe that 

V’i = + Xt f ( 39 ) 


since it follows from the definition (1361) that (1391) must hold up to an additive constant, say, 
C(p), but 


d_ 

dt 





tv 


Jm 

= e -c W(i x^ i i) o. 


Thus, C(tip) = 0 for each t. 

Let 

gu(-, ■) :=&(■, J-)- (40) 


Consider the following hypothesis on a vector held X £ aut(M, J): 


• The closure T = T(X) of the one-parameter subgroup generated by JX is a subgroup of 
of the isometry group of (A £,g u ). 

(41) 

As the compact group T is the closure of a commutative subgroup of Aut(M, J)o it follows 
that T is in fact a torus. For any Lie subgroup K of the isometry group of (M,g u ) define the 
subspace 

U* := € Hu : tp is invariant under A"}, (42) 

and similarly define T-L x . According to Theorem 14.41 the di-metric completion of 'H x is 

£i := {u £ £i : u is invariant under AT}. 


The following lemma is well-known m [63] , We include a proof since our notation is 
somewhat different than in the original sources. 
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Lemma 5.12. Suppose A € aut(M, J) satisfies (1551) for each rj € TL t . Let 7 : [0,1] — > PiJ) 
denote a smooth path with 7(0) = 0,7(1) = p. The functional 

AM x (p) ■■= R _1 [ 7(t)e ,/ ’“TA dt 

J[0,l]xM 

is well-defined independently of the choice of 7 . 

Proof. Indeed, the 1-form ax ■ p on Tl^ is closed since if is, fi € T^Ti^, and using 


dt 


/» x d, 

a X (v)\<p+tn = / ue^-xpu^ = — a x (p )I 

) JM at 0 


1^+tiX) 


as by our assumption on X the operator is self-adjoint with respect to ( 
observed after (EH). 


• as 

□ 

Remark 5.13. (i) As verified in the proof of Lemma [5J~5] (i) below, equation (1381) follows from ([4ID . 
(ii) We note in passing that from this lemma it follows that AMj is monotone: u < v implies 
AMx(m) < AM.v(n). This parallels (12TT) . 

The next result follows using the arguments in the proofs of Lemmas 15.21 and 15.101 
Lemma 5.14. The metric completion of (fH{f ,d\) is £(' n AM _1 (0). 

The Hodge decomposition implies that every X € aut (M, J) can be uniquely written as [32] 

X = X H + V1% -JV^ X , (43) 


where V is the gradient with respect to the Riemannian metric (I40D . and Xu is the g u - 
Riemannian dual of a ^-harmonic 1-form. 

Lemma 5.15. Assume that T = T(A) satifies (141D . Assume also that the first Betti number 
of M satisfies b\(M) = 0. 

(i) AM.y : TLT M admits a unique d\-continuous extension to . 

(ii) AM.y is use with respect to the L 1 (M,co n ) topology of Sf. 

Proof. We claim that AM.y is di-Lipschitz continuous. We also claim that A is a gradient field 
with respect to all elements of so that AMjy is well-defined by Lemma 15.121 Lemma 13.31 
then gives (i). To prove these claims observe first that as follows from (1411) . the torus T acts 
Hamiltonially on (XI, u). By (1551) and (1361) . 

= 0 (44) 

for every p € TLq since u is Tjvinvariant. Since b\(M) = 0, Xh = 0 in (1451) : in particular, 
A is a gradient vector field with respect to all g u with p € TLq , i.e., (1551) holds. Thus, 
= (A/ojL • In other words, is the restriction of the moment map of the T-action to 
the vector field JA with respect to the symplectic form cBy a general result of Atiyah- 
Guillemin-Sternberg the image of a moment map of a toric action is independent of the choice 
of symplectic form in the cohomology class, and therefore 

l<J <C, (45) 
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for some uniform C > 0 independent of ip € ■ Thus, if 7 t is any smooth path in TLq with 

endpoints u and v, 


|AM x (u) 


KM x {v)\ < C V~ l f titledul Adt 

Jo Jm 

<c [ V- 1 [ |7t|< dt<Ch( 7 ). 
Jo Jm 


Taking the infimum over all such 7 we obtain 


|AMx(^) — AMj(r)| < Cdi(u,v), 


(46) 


as desired. 

(ii) This is a consequence of the monotonicity of AMx (Remark [533] (ii)) and is proved in [111 
Proposition 2.15]. □ 


5.3 


Condition (A2) 


action functionals and their lsc extensions 


Each set of canonical Kahler metrics we consider in this article can be defined as the minimizers 
of an appropriate action functional over a space JZ of ‘regular’ potentials. It is crucial for us, 
however, to understand the greatest di-lsc extensions of these functionals to the corresponding 
(1 1 -metric completion JZ. This is the main goal of the present rather long subsection. We 
emphasize that it is crucial for us to obtain explicit formulas for the lsc extensions of our 
functionals in order to be able to apply existing results concerning regularity of minimizers 
over JZ. That is, if we only had an abstract, but not explicit, extension, this would not have 
allowed us to conclude property |(P3)[ 


5.3.1 Kahler—Einstein (edge) metrics 

For an introduction to Kahler edge geometry we refer to the expository article |48j. Let D C M 
denote a smooth divisor, and let (3 € (0,1]. Suppose that h is a smooth Hermitian metric on 
the line bundle Lp associated to D, and that s is a global holomorphic section of Lp, so that 
D = s - 1 (0). Let w be a smooth Kahler metric on M and define 

oj c := u + cyf^ldd(\s\ 2 h ) p , ( 47 ) 

For c > 0 small enough, w c is a smooth Kahler metric away from D [381 Lemma 2.2], Fix such 
a c once and for all. 

Definition 5.16. A Kahler current 7 on M is called a Kahler edge form of angle fJ if it is a 
smooth Kahler form on M\D and satisfies u c /C < 77 < Cui c for some constant C = C{rj) > 0. 

The set of Kahler edge potentials (of angle j3) is denoted by 

JJ-u := i u £ PSH(M, u) : lu u is a Kahler edge form of angle /?}. 

Set also, 

Hq :=H p nAM _1 (0). 

There are plenty of Kahler edge metrics, according to the next result. 

Lemma 5.17. The d\-metric completion of J-L^ is £ 1 . 
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Proof. Let u € PL^, and write 


Uk := u+ ^\ s \hf- 

For k large enough Uk € Pit [38_j Lemma 2.2], As ilk is decreasing pointwise to u, Lemma [All 
implies that d\{uk,u) —> 0. As PL U is dense in £\. it follows that the metric completion of PL0, 

is . □ 

We turn our attention to Kahler-Einstein edge metrics. Suppose that 

a(M) - (1 - P)[D\ =n[uo]/2ir. (48) 

\f~P-ddfn,B = Ric r/ — 27r(l — (3)[D\ — fir]. f eJ ri ^q n = f q n . (49) 

Jm Jm 

A Kahler edge form is called Kahler-Einstein edge (KEE) when ^ = 0. We assume from 
now and on that q > 0 since the existence problem in the case q < 0 is settled in [38 J. In fact 
after rescaling the Kahler class we assume that q = 1. 

We record the following estimate. 

Lemma 5.18. Let ui be a smooth Kahler form on M and let q be either a smooth Kahler form 
or a Kahler edge form of angle f3. Then, e-W 3 e L p (M,uj n ) for some p > 1. 

Proof. When q is smooth this is a direct consequence of the Poincare-Lelong formula. When 
q is a Kahler edge form of angle (3 then f v> p is actually continuous [38) §4]. □ 

The Berger-Moser-Ding energy (or Ding functional for short) [27] is defined by 

FP{<p) = F^u v ) := -AM(^) - log i [ e^-*oj n , € PL?. (50) 

v Jm 

The Mabuchi K-energy E'P : Pit —> R is closely related and defined by |48j 15.271].[30], 

E fi (<p) := Ent(e^"- /3 w n , w") - AM(p) + V~ l [ <pu v n . (51) 

Jm 

Observe that: (i) (15T1) differs from [48] (5.27)] by a constant equal to V 1 f f u ,/ 3 U n , (ii) the 
term — (/— J)(uj,u v ) there equals the last two terms in (15T1) by (1251) . Here, 

Ent(i/, x) = T7 f log -X, (52) 

v Jm v 

is the entropy of the measure x with respect to the measure n. The following formula relating 
F /3 and E@ was established by Ding-Tian [28] : 

&(v) = f*( V ) -ff (53) 

Jensen’s inequality gives that V^ 1 f M f U{p < log K -1 f M = 0, hence there exists 

C > 0 such that 

EP(<p) > F^(tp) (54) 

The critical points in Pit of both F® and EJ are precisely Kahler-Einstein (edge) potentials. 
The next result verifies condition |(A2)| for these functionals. 
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Proposition 5.19. Formula (1501) gives the unique d\-continuous extension of F 13 : FL 13 —» M 
to a functional on £\. 

Proof. Lemma l5.ll (i) provides a di-continuous extension of AM. To deal with the other term 
we prove the following lemma. 

Lemma 5.20. Let e a E L p (M,u n ) for some p > 1. Then the functional defined on £\ by 


F(p) = / e a ~ v uj n , 
Jm 


is d\-continuous. 

Proof. Let Uk,u E £\ be such that di(uk,u) —» 0. We have to argue that F(uk) —>• F(u). As 
d\ ( 0 . uj) is bounded it follows from Lemma l5Tl (1) and (1271) that for some C > 0 independent 
of j, 

suprtj|, |AM(«fc)| < C. 


M 


(55) 


Hence, Theorem 15.71 implies there exists C'(s) > 0 independent of j such that 

[ e~ SUj uj n < C 1 , j E N, (56) 

Jm 

for all s > 1. Since x i—^ e x is convex, 

\e a — e b \ < |o — 6| max{e“, e b } < \a — b\(e a + e b ). (57) 

Suppose that 1/ q + \/p + 1/ s = \. Then, (f57l) and Holder’s inequality imply that 

[ ( e a-u k _ e a-u\n<[ | Ufc - U |( e “-«* + e “-«) W " (58) 

Jm ^ ' Jm 

< || Uk~ u\\ L q(M,uj n )\\ ea \\LP(M,uj n )(\\ e ~ Uk \\L^(M,uj^) + \\e~ Uk \\L s (M,u>™))- 


The first term of this last expression converges to zero since by Lemma 15.11 (i), f M \uk — 
u\u n —>• 0 while all L s topologies are equivalent on PSH(M, u). The second term is bounded 
by hypothesis, while the third is bounded by (1561) . □ 


Thus, the proposition follows from the lemma by setting a = f^ t p, Lemma 15.181 and the 
di-density of FL 13 in £\ proved in Lemma 15.171 □ 

Proposition 5.21. Formula (ED gives the greatest d\-lsc extension of E /3 : FL >3 —>• R to a 
functional on £\. 

A more precise version of this result is contained in the forthcoming paper [10], but for 
completeness we give a proof here: 

Proof. The last two summands of (1511) can be rewritten as 

p-i ' n “ 1 


nAM(</?) — (n + 1) AM(y?) — 


n + 


-J K 


= n. 


AM^-r 1 ^ 

3 = O' 


M 


p A A(j n F (59) 


Combining Lemma 15.11 (i) and the following lemma (with a = uj) it follows that (1591) is di- 
continuous. 


20 











Remark 5.22. At this stage, we could have also simply used (T5TT) and proved that <p eA f M ipu™ 
is di-continuous. We choose, however, to use the somewhat more complicated formula (J59]) 
since then essentially the same arguments allow us to deal with the K-energy on a general 
Kahler class (see Proposition 15.261) . 

Lemma 5.23. Suppose a is a smooth closed (1,1 )-form on M. The functional defined on £\ 
by 

n —1 „ 

E(ip) := V _1 / (pa A A 

j=0 JM 

is di-continuous and bounded on d\-bounded subsets of £ i. 

Proof. As in the proof of Lemma 15.21 (i), E indeed makes sense on £\. Now, let u k ,u E £\ be 
such that di(uk,u) —> 0. An argument similar to that yielding (1211) shows that 


E(u) - E(u k ) = V 


n 10 -_L 

1 / f\u 3 u a <' H . 

JM “n 


It is clear that for some D > 0 we have — Du < a < Dui. Thus, observing that ojt u + Uk )/A = 
w/2 + lo v /4 + w u /4, 

\E(u) - E(u k ) | < C [ | u- u k |wp u+ )/4 . (60) 

J M 

By [*Ml Corollary 5.7] and its proof, for each R > 0 there exists fu : M —>• M continuous with 
fn( 0 ) = 0 such that 

[ \v-w\u%< f R (di(y,w)), (61) 

JM 

for any v, w, h € £\ n {(p : di(0, <^) < R}. Using this, to show that (15UD converges to 0, it is 
enough to argue that d\ (0, (u + Ufc)/4) is uniformly bounded. For this we use [22 Lemma 5.3] 
that says that there exists C > 1 such that di(v, (w + v)/2) < Cd\(v,w) for any v,w € £\. 
Using this several times and the triangle inequality, 


di(0, [u + u k )/ 4) <Cdi(0, [u + u k )/2 ) < C(di(0, u) + di(u, {u + u k )/2 )) 
<C 2 {d\ (0, u) + di(u,u k )). 


This last term is uniformly bounded, showing that E is di-continuous. Also, by (1611) it follows 
that E is bounded on di-bounded subsets of £\. □ 

To prove Proposition 15.211 it thus remains to deal with the entropy term. 

First, we claim this term can be extended to £\ in a di-lsc fashion. Indeed, d\ -convergence 
implies weak convergence of volume measures [ 22 Theorem 5 (i)]. By the display following 
(5.29) in fl 8 ], the map x —> Ent(/z, x) is a supremum of continuous maps with respect to weak 
convergence of measures, hence is lsc with respect to this same convergence. These last two 
statements together imply that the map u —>• Ent(e^“’ / 3 u; ri , w”) is di-lsc, as claimed. 

Second, the following result shows that thus extended to £\, the entropy is the greatest 
di-lsc extension of its restriction to R.^. The result is due to a forthcoming paper where much 
more precise results are proved m- 

Lemma 5.24. Given u E £\, there exists u k € TL 13 such that di(u k ,u ) —>• 0 and 

Ent(e^w^wy -»• Ent(e f ^u n , wj). 
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Proof. If Ent(e^"^a; n , w") = oo, than any sequence u k E H^ 3 with d\{u k ,u) —>• 0 satisfies the 
requirements, as follows from the di-lower semi-continuity of the entropy. We can suppose that 
Ent(ef“’Pu) n , lu™) is finite. 

Let g = w"/w" > 0 be the density function of w™. We argue that there exists positive 
functions g k € C°°(X) such that | g — g k \ii 0 and 




CO 




CO 


Ent ( e /<-./> w ", w £). 


First introduce h k = min{ A;, g}. k € N. As 4>(t ) = tlog(t), t > 0 is bounded from below by 
—e _1 and increasing for t > 1 , it follows that 

—e _1 e< h k log < max{ 0 , g log -j— }. 

f3jCJ,p (DjUJ,p 

Clearly \h k — S'!/,! —>• 0, and the dominated convergence theorem gives that 


/ 
J M 


1 i n 

h k log —f—u 

(3jU,p 


[ glog-j?—u) n = Ent(e f “’Puj n ,co™). 

Jm 


(62) 


Using the density of C°°(M) in L 1 (M), by another application of the dominated convergence 
theorem, we can find a positive sequence gk E C°°(X) such that \g k — h k \ L i < l/k and 


/ 

Jm 


h k log 


h k 

ofu},/3 


f, 


uj - g k log 


9k 

3 




1 

< -. 

“ k 


(63) 


Using the Calabi-Yau theorem we find potentials v k E H u with sup M v k = 0 and w" fe = 
g k co n / j M g k co n . Proposition 15.281 now guarantees that after possibly passing to a subsequence 
di(v k ,h ) —>• 0 for some h € £\{X). But [2H Theorem 5 (i)] implies the equality of measures 
co^ = coif. Finally the uniqueness theorem [34( Theorem B] gives that in fact h and u can 
differ by at most a constant. Hence, after possibly adding a constant, we can suppose that 
di(v k ,u) -)• 0 . 

The last step is to perturb v k slightly to obtain the conical metrics u k = v k +e k \s\ 2 ^ E H 13 , 
where s is the section of Ljo, with vanishing locus D. The argument of Lemma 15. 171 gives that 
for small enough e k > 0 one has 

di(u k ,u) ->• 0. 

Using ([62]) and (IUTTI) a basic calculation gives that after possibly shrinking e k > 0 further we 
obtain 

Ent(e^o;",0 Ent(e^o/>£), 

as desired. □ 


Since the last two terms in the formula for E° are di-continuous, as already noted, the 
previous lemma implies that our extension is the largest di-lsc extension of its restriction to 

Hu- This concludes the proof of Proposition E2U □ 


5.3.2 Kahler Ricci solitons 

Suppose that (M, J) is Fano and let X E aut(M, J). Assume that X satisfies (1411) . Recall from 
the proof of Lemma (i) that this implies A is a gradient vector field with respect to metrics in 
H T . We say that rj E H T is a Kahler-Ricci soliton associated to X if 

Ric rj = rj + CxV- (64) 
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Following Tian-Zhu, we define the modified Ding functional and K-energy functional on TLf as 
follows: 

(65) 

( 66 ) 


e fu ~ v u n . 


F x (p) := -AM x (v?) - logU _1 [ 

J A 

E x (<p) :=F x (<p) + V - 1 [ (f u - ^)e**> - U " 1 [ (/.,-<) 

Jm Jm 


• x 


As in (1541) . it follows that 


E x (<p)>F x (<p)-C. 


X, 


(67) 


The critical points of these functionals are Kahler-Ricci solitons. Both F x and E x are defined 
for smooth potentials, but as it turns out their definition can be extended to £ x . In this article 
we will only need this for F x . 


Proposition 5.25. Formula (1651) gives a unique d\-continuous extension of F x : TL X —>• R to 
a functional on £ x . 


Proof. Lemma [5 .151 gives that the map t —> AMj(«) is d\ -continuous. Lemma [5. 201 with a = f u 
give that the map u —>• log V _1 f M e* u ~ u u> n is also di-continuous. Uniqueness of the extension 
now follows from the density of TL X in £ x . □ 


5.3.3 Constant scalar curvature metrics 

On a general Kahler manifold (M,uj) Mabuchi’s K-energy equals 

i r 

E(<p) := Ent(uj n ,ujf > ) + nAM(^p) — — / (^Ricw A ay 7 A u n ~ 1 ~F (68) 

V pf J M 

Recall that by (1551) this expression is equal to the one in (T5TT) when j3 = 1. The advantage of 
this definition over the one in (1511) is that this makes sense independently of the condition (1481) . 

The critical points of E over T~Lq are metrics of constant scalar curvature. We have the 
following result, first obtained in [10], whose proof follows exactly the same line as that of 
Proposition 15.211 the only difference being that in Lemma 15.231 we now take a = Riccc. 

Proposition 5.26. Formula (1681) gives the greatest d\-lsc extension of E : -^KU {oo} to 

a functional on £\. 


5.4 Property (P2): compactness of minimizing sequences 


We turn to the compactness condition (P2) Most of the results that we present here have 
already been obtained in the works [Hi m hb in a different context. To fit well with the 
metric-geometric viewpoint on the space of Kahler metrics we employ here, we see it adequate 
to present a very detailed account of all theorems, often following the ideas of [HI El HU- 


5.4.1 Kahler Einstein (edge) metrics 

Proposition 5.27. Suppose () satisfies (HH1) with fi = 1. Let 1Z = Lit, so (1Z,di) = 
£\. Then F 13 given by Proposition 15.1.91 satifies property \ ( P2 )\ 
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Proof. Step 1. In this step we construct a candidate minimizer u € £\. Suppose that {iij}j<zf$ C 
£■1 satisfies 

lim F^(uj) = inf I 7 ' 9 , di(0, Uj) < C. 

3 

Thus, as in the proof of Lemma 15. 2 UI the estimates (1551) hold, in particular | sup A/ Uj | < C, so 
there exists jk —>• oo and u € PSH(M, u) such that f M \uj k — u\u n —>• 0 [26J Proposiion 1.4.21]. 

Now, Lemma 15.151 (ii) (with X = 0) gives that AM is upper semicontinuous with respect 
to the weak L l {M,uj n ) topology. This together with |AM(«j fc )| < C yields, 

— C < lim sup AM(uj fc ) < AM(u) < lim sup sup Uj k < C , (69) 

k k M 


hence u € £\ by Lemma 15.31 

Step 2. In this step we show u is actually a minimizer. Following the ideas giving estimate 
m we arrive at 


J ^e U k_ e fu,,p U ^ u n < J \ Uk — u\(ef“’P Uk + e^ u ’ p U )u n 

< || U k - u\\Li(M,u: n )\\ efu, ’ l3 \\LP(M,u n ){\\ e ~ Uk \\L a {M,u n ) + \\ e ~ Uk \\L s (M,uj n ))^ 


where 1/q + 1/p + 1/s = 1. The first term of this last expression converges to zero as all L q 
topologies are equivalent on PSH(M, w). The second term is bounded by Lemma 15.181 while 
the third is bounded by (1551) . All this gives 


lim F 9 (u ]k ) > - lim sup AM(u ]fc ) - log (v~ x [ e f ^~ u oj n ) > F 9 (u). (70) 

3k j k \ J M ' 


As jk —>• F 9 (uj k ) minimizes F 9 , it follows that the last inequality must be an equality. Thus, 
u minimizes F 9 . 

Step 3. Here, we show that there is a subsequence d\ -converging to u. Since equality holds 
in (1701) . limsup fc AM(u Jt ) = AM(m). Thus, after possibly passing to a further subsequence, 
lim m AM(uj km ) = AM(u). This together with \\uj k — 0 and Lernrna l5.ll (i) gives 

that di(jk m ,u) 0. □ 

Proposition 5.28. Suppose () satisfies (1751) with p = 1. Let TZ = Pit, so (TZ, d\) = 
£\. Then F 9 given by Proposition \5.21\ satifies property 

Proof. According to Lemma 15.231 and Lemma 15.151 (i) (with X = 0), the second and third 
summands in (15ID are controlled by the metric d\. Thus, as E^(uj) and d(0,uj) are uniformly 
bounded, this implies that both Ent (f u ^ai n ,uj 1 / L .) and | sup jM Uj | remain uniformly bounded. 
Theorem 15.61 thus gives a subsequence Uj k and u € £\ such that d\(uj k ,u) —» 0. The di-lower 
semicontinuity of F 9 (Proposition 15.2D then implies that u minimizes F 9 and lim/. F 9 (u Jk ) = 
F 9 (u). □ 


(P2) 


5.4.2 Kahler Ricci solitons 

Proposition 5.29. Suppose (M, J,w) is Fano, X e aut(M, J) satisfies (17T1) . Let TZ = PL X , so 
(PZ,d\) = £ x . Then F x given by Provosition \5.25\ satifies property\(P2)\ 
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Proof. The proof is similar to that of Proposition 15.271 with a slight twist at the end. 

Step 1. This is identical to Step 1 in the proof of Proposition 15.271 yielding a u € £ x 
satisfying (1691) . 

Step 2. This is again identical to Step 2 in the proof of Proposition 15.271 this time yielding 

lim F x (uj k ) > — lirri sup AMx (u ]k ) — log (V -1 f e^ u u 71 ') > F x (u). (71) 

jk j k V Jm ' 

As jk —>• F x (uj k ) minimizes F x , it follows that the inequalities are actually equalities, so u 
minimizes F x and lim supj, AMx(iij k ) = AMx(w). Consequently, after possibly passing to a 
subsequence 

lim AMj (uj k ) = AM x (u). (72) 

k 

Step 3. We argue now that d\{uj k ,u) —>• 0. By Lemma 15.11 we only need to show that 
AM (it Jfc ) —>• AM (it). For this we introduce an auxiliary sequence 

v jk := maxjit, u jk } € £ x . 


Observe that 

| sup Vj k | < C , (73) 

M 

since this holds for Uj by (1551) (this is part of Step 1). Similarly, since Vj k > u ]k . fl22ll and (1551) 
imply that AM(uj fc ) > C. Since (1731) and the dehnition of AM give that AM (vj k ) < C, we have 

m( Vjk )\ < c. 

Furthermore, || Vj k — u\\ L i(M,u n ) 0- Thus, we may apply Step 2 to the sequence {vj k } to 
obtain (1711) for v ]k . By monotonicity of AM.v we have —AM x{vj k ) < — AM.v^j*.), hence Vj k 
is also F x -minimizing. In the same manner (1721) was derived one then has 

lim AMx (vj k ) = AMj (it). (74) 

k 

Examining (1461) and recalling (1451) . one can show the existence of C > 1 such that for any 
w, v € £\ with w < v one has 

0 < ^(AM(u) - AM(w)) < AM x {v) - AM a » < C(AM(«) - AM(«;)). (75) 

o 

Using that u < v Jk , Uj k < Vj k equations (1721) . (1771) and (1751) we obtain that 

lim AM(itjj) = lim AM(i; Jfc ) = AM(it), 


as desired. □ 

5.4.3 Constant scalar curvature metrics 

The proof of the following result is the same as that of Proposition 15.281 and it already appears 
in 125]. 

Proposition 5.30. Let u be an arbitrary Kdhler metric on (M, J). Let 1Z = so (77, d \) = 
£\. Then E given by Proposition \ 5.261 satifies property \(P 2) 
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5.5 Property (P3)[ regularity of minimizers 

The regularity condition (P3) for F /3 and EP follows after combining together the result of 


Berman [5J Theorem 1.1] and the regularity theorems 
more details). 


Corollary 6.9], 


(see 


for 


Theorem 5.31. Suppose ( M,J,D,u ) satisfies flj8j) with p = 1 and p G £\. The following are 
equivalent: (i) is a Kahler-Einstein edge metric, (ii) ip minimizes , (Hi) p minimizes 
E 13 . 


The regularity condition (P3)| for F x and E x is due to the following result of Berman-Witt 
Nystrom ED Theorem 3.3]. 


Theorem 5.32. Suppose (M, J,cu) is Fano, and that X G aut(M, J) satisfies (l4Th . Let p G £ x . 
The following are equivalent: (i) is a Kahler-Ricci soliton, (ii) p minimizes F x , (in) p 
minimizes E x . 


6 Property (P6) via a partial Cartan decomposition 


The purpose of this section is to give explicit criteria that imply condition |(P 6 )| in all cases 
of interest for us. The main result is Proposition 16.81 while the main technical ingredient is 
Proposition 16.21 


6.1 Partial Cartan decomposition 

Recall the following form of the classical Cartan decomposition m Proposition 32.1, Remark 
31.1]. 

Theorem 6.1. Let S be a compact connected semisimple Lie group. Denote by (S' , J) the 
complexification of S, namely the unique connected complex Lie group whose Lie algebra is the 
complexification of that of s, the Lie algebra of S. Then the map C from S x s to S c given by 

(s,X)^C(s,X):=sex.-p I JX (76) 


is a diffeomorphism. 

The following result can be thought of as an extension of Theorem 16.11 to the setting of a 
compact (but not necessary semisimple) Lie group. We state a result in a form that will be 
most useful for us in applications, albeit it not being quite optimal, perhaps. 

Proposition 6.2. Let K be a compact connected subgroup of a connected complex Lie group 
(G, J). Denote by 1 and g their Lie algebras. Suppose that 


1 = a©l, 

g = a© I© Jt, 


(77) 


where a is a complex Lie subalgebra of g contained in the center 3(1) of 1, and 1 is a Lie 
subalgebra o/l. Then the map C : K x 1 —>• G given by C(k,X ) = kexpjJX is surjective. 


Proof. We start with several simple claims. 
Claim 6.3. 3 ( 1 ) = a ©3(1). 
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Proof. The inclusion 3 ( 6 ) D a © 3 ( 6 ) follows from (1771) . For the converse, let X G 3 (f). Since 
X G t, by (1771) . X = X] + X 2 for X\ G a, X 2 G I. Since X 2 G 3 (f), and I D 3 (f) C 3 ( 1 ), we are 
done. □ 

Claim 6.4. (i) [«,«] = [1,1], (**; I = 3 (I) © [I,I], 

Proof, (i) This follows from (1771) since [a, f] =0. 

(ii) Since K is compact m Proposition 6.6 (ii), p. 132] gives 

* = 3(*)®M]- (78) 

From (i) and Claim 1(731 

f = 3 (f) 0 [l,i] = a 03 (e) 0 [ 1 , 1 ]. 

The conclusion now follows from (1771) . □ 

Claim 6.5. 3 ( 5 ) = a © 3 ( 1 ) © J 3 (l). 

Proof. First, a C 3 (f) C 3 ( 0 ) by (1771) . By Claim 177771 3 ( 6 ) C 3 ( 6 ) C 3 ( 0 ). Since 3 ( 0 ) is complex, 
we obtain 3 ( 0 ) D a 0 3 ( 1 ) 0 J 3 (i) . Conversely, let X £ 3 ( 0 ). By (1771) . X = Xi + X 2 + X 3 , with 
Xi G a, X 2 € £© 3 ( 0 ) = 3 ( 1 ), and X 3 G Jin 3 ( 0 ) = J(lri 3 ( 0 )) = J 3 (l), since 3 ( 0 ) is complex. □ 

Let Z(K) and Z(G) denote the connected closed Lie groups whose Lie algebras are 3 (F) 
and 3 ( 0 ). 

Claim 6.6. The map @1 : Z(K ) x 3 (f) —>• Z(G) given by (z,X) >-)• zexpjJX is surjective. 

Proof. Claims [6l3l and [631 imply that dim Z(K) + dimt = dimZ(G') and the differential of @1 
at (1,0) is invertible by [37, Proposition 1.6, p. 104], But, considering 3 (f) as an abelian Lie 
group with respect to the additive structure, it follows that @1 is a Lie group homomorphism, 
thus it must be surjective as its image is a connected subgroup of the same dimension as that 
of Z{G). □ 

We now conclude the proof of Proposition 16.21 Let L denote the connected compact Lie 
subgroup of K whose Lie algebra is [L t] (since the Killing form is negative on [t, 6 ] = [t, £], L 
is indeed compact). By Claim l6~4l and [371 Proposition 6.6 (i), p. 132], L is semisimple. By 
Theorem 16.11 the map @2 : L x [I, t] —>• L c given by 

@ 2 (l, X) = lexpj JX, 


is a diffeomorphism. 

Claim 6.7. The multiplication maps Z(K) xLg K, Z(G) x L c —>• G are surjective. 

Proof. By Claim l6l4l fil and (1781) . the multiplication map Z(K) x L —>• K is a local isomorphism 
near (I, I) by dimension count. The map is also a group homomorphism since elements of Z(K) 
commute with elements of I\ D L. Thus, it is surjective. 

The same argument works for the multiplication map Z(G) x L c —>• G. Here the dimension 
count is provided by Claim 16.41 (ii), Claim 16.51 and (1771) , as together they give 0 = 3 ( 0 ) 0 [t, f] 0 

j[i,i]. □ 
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Given k £ K and X £ 6 , observe that 

C(k, X ) = zl exp j JX, 

where z € Z(K ) and l € L are such that k = zl (these exist by Claim 16.71) . Now let X\ and 
X -2 are the unique elements such that X\ £ 3 (H), X 2 £ [t, t], and X = X\ + X 2 , given by Claim 
16.41 (ii). Since exp^ JXi £ Z(G ), 

C(k,X) = z ex Pj JX\l ex Pj JX 2 = @ 1 (z,X 1 )@ 2 {l,X 2 ). 

By Claim lHhl and the fact that ©2 is a diffeomorphism, it follows that C surjects onto Z(G)xL c . 
However, the multiplication map Z(G) x L c —>• G is surjective by Claim 16.71 Thus, C is 
surjective, concluding the proof of Proposition 16.21 □ 


6.2 Properness of the distance function on orbits 


Given data (7Z, d , F, G) satisfyi ng |(A1) (A4), the following result gives a criteria that implies 
a stronger version of condition (P 6 ) Though it may seem artificial at first glance, all the 


assumptions are verified naturally in the presence of canonical metrics. 

Proposition 6.8. Suppose K and G satisfies the assumptions of Provosition [672 1 (7Z, d, F,G) 


satisfies (Al) (A4), (Pf)< an d w £ 1Z. We additionally assume the following: 


(i) K.w = w. 

(ii) For each X £ t, 1 1 ->- expjt.JX.w is a d-geodesic whose speed depends continuously on X. 
(in) G x G B (f,g) d(f.u,g.v ) is a continuous map for every u,v €lZ. 

Then, for any u, v £ 1Z there exists g £ G such that d(u,g.v ) = da(Gu,Gv). 


Proof. Let u, v £ 1Z. By (P4) and Proposition 16.21 


By[(P4) 


dc{Gu,Gv ) = inf d(u,g.v ) = inf d(u,C(k,X).v). 
a&G keK,xei 


d(u, C(k, tX).v) > d(w,C(k, tX).w) — d{w , u) — d{C(k , tX).w, C(k , tX).v) 
= ext — d(w, u) — d(w , v), 


(79) 


since using (P4), (i) and (ii) we have 

d(w,C{k,tX).w ) = d(k^ 1 .w, expj tJX.w) = d(w,expj tJX.w) = ext, 


with c y depending continuously on X £ f. Since f is finite-dimensional it follows that (k, X) 1 — ?• 
d(u,C(k,X).v) is proper. Hence the infimum in (ITU is attained, because by (iii) (. k,X ) i->- 
d(u,C(k,X).v) is continuous. This finishes the proof for u,v €TZ. 

Finally, when u,v € TZ, let {uj},{vj} C 7Z denote sequences that d-converge to u and v. 
Then, 


| d(u, C(k , X).v) — d[uj, C(k, X).Vj)\ < d(u, uj) + | d(u, C(k, X).v) — d(u, C(k , X).Vj)\ 

< d(u , ufi + d(C(k, X).v, C{k , X).Vj) 

= d(u, ufi + d(v, Vj ), 

hence the continuous proper maps (k,X) —>• d(uj,C(k, X).Vj) converge uniformly to ( k,X ) —>• 
d(u,C(k, X).v), making this latter map also continuous and proper. This gives dc{Gu,Gv ) = 
d{u, g.v ) for some g € G, finishing the proof. □ 
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6.3 Automorphism groups of canonical Kahler manifolds 

In this section we recall some classical theorems about the automorphism group of a Kahler 
manifold (M, when the metric ui is canonical, following Gauduchon [32] to which we refer 
for more details. These results will be very helpful once we try to verify the conditions of 
Proposition 16.81 in concrete situations. 

Let g( ■ , •) = cj( •, J •) denote the Riemannian metric associated to (M, J,w). Denote by 
Isom(M, g)o the identity component of the isometry group of ( M,g ). Since M is compact so 
is Isom(Af, g)o | B5l Proposition 29.4]. Denote by isom(Af, g) the Lie algebra of Isom(M, g)o. 
Consider the Lie subalgebra of aut(Af, J) of harmonic fields, 

a := {X £ aut(A/, J) : g(X, •) is a ^-harmonic 1-form}, (80) 

and the Lie subalgebra of isom (M,g) of Hamiltonian fields, 

f) := {X £ isom(Af, g) : tju is an exact 1-form}. (81) 

The following theorem is due to Matsushima and Lichnerowitz m Theorem 3.6.1]. 

Proposition 6.9. Let ( M,J,u,g ) be as above. Suppose g has constant scalar curvature. Then, 

isom(Af, g) = a® b, (82) 

aut(AL, J) = o ® b ® Jb- (83) 

In particular, Proposition 16.91 implies that Isom(Af, g)o C Aut(Af, J)o- 
Analogues of this result have been established in several settings. First, consider the Lie 
subalgebra 63, Lemma A.2] 

aut x (A/, J) := {Y € aut(Af, J) : [A, Y) = 0}, (84) 

and denote the associated connected complex Lie group by 

Aut x (Af, J)o C Aut(AL, J)o- (85) 

Tian-Zhu proved the following result !M Appendix A]. 

Proposition 6.10. Let (M , J,u,g) be as above, and let X € aut(M, J). Suppose g is a Kahler- 
Ricci soliton. Then, 

aut x (M, J) = isom(Af, < 7 ) ® J isorn(AL, g). ( 86 ) 

Next, let D C M be a smooth divisor and consider 

aut(Af, D , J) := {Y £ aut(Af, J) : (1 — /3)Y is tangent to D}, (87) 

and denote the associated connected complex Lie group by 

Aut(AL, D, J)o C Aut(AL, J)o- ( 88 ) 

Cheltsov-Rubinstein proved the following |18l Theorem 1.12]. 

Proposition 6.11. Let (M,D,J,u,g) be as above and let (3 £ (0,1]. Suppose g is a Kdhler- 
Einstein edge metric. Then, 

aut(Af, D, J) = isom(AL, g) ® J isom(Af, g). (89) 


29 


The following result is classical, and we only state its Kahler-Einstein version, whose proof 
we sketch. 

Theorem 6.12. Let () be Kahler-Einstein. Then any maximally compact subgroup 
o/Aut(M, J)o is conjugate to Isom(M, g)o- 

Proof. By a Theorem of Iwasawa-Malcev m Theorem 32.5], if G is a connected Lie group then 
its maximal compact subgroup must be connected and any two maximal compact subgroups 
are conjugate. But then by Proposition 16.Ill (B = 1) Isom(M, g)o has to be a maximal compact 
subgroup of Aut(M, J)q. □ 

7 Kahler-Einstein metrics 

In this section we prove two results about existence of Kahler-Einstein metrics. Recall that 
di : c and Jq are defined in |(A4)| and (1M|) . and F 1 and E 1 are defined in (1501) and (1531) . Our 
first result gives characterizes Kahler classes admitting Kahler-Einstein metrics. This theorem 
will be generalized in two different directions in the next two sections. 

Theorem 7.1. Suppose (.) is Fano. Set G := Aut(M, J)o and let F € {F 1 ,^ 1 }. The 
following are equivalent: 

(i) There exists a Kahler-Einstein metric in PL. 

(ii) F is G-invariant and for some C, D > 0, 

F(u) > Cd 1)G {G0, Gu) -D, u€ PL 0 . 

(in) F is G-invariant and for some C, D > 0, 

F{u) > CJ g (Gu) -D, u£ Ho- 

The purpose of our second theorem is to indicate what modifications are necessary in Tian’s 
original conjecture (Conjecture 11.21 (ii)). Let I\ C Aut(M, J)o be a compact Lie subgroup. 
Denote, 

PL K := {rj € PL : g.r] = r) for any g € K}. 

The isomorphic space of potentials, denoted PLq , is defined after (1421) . 

Theorem 7.2. Suppose (M, J,w) is Fano and that K is a maximal compact subgroup of 
Aut(M, J)o- Assume that u E PL h . Finally, let F E {F 1 ,^ 1 }. The following are equiva¬ 
lent: 

(i) There exists a Kahler-Einstein metric in PL K and Aut(M, J)o has finite center. 

(ii) For some C, D > 0 and all u E PL(f, 

F(u) > Cd\(0, u) — D. 

(Hi) For some C,D > 0 and all u E Pi(f, 

F(u) > CJ{u) - D. 
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Remark 7.3. In Theorems 17.11 and 17.21 when F = F 1 one cannot replace d\ by the Mabuchi 
metric c? 2 - Indeed, according to (1501) . Jensen’s inequality, and Proposition 15.51 for tp E 7~Lo, 

F l (p) = -logK -1 f e fu ~ v uj n < V^ 1 f (p - fu,)u n < C(sup<y3 + 1) < C(di(0, p) + 1). (90) 
Jm J m m 

If F 1 were ^-proper it would follow that <^(0, p) < C"(di(0, p)+l). However, this is impossible. 
E.g., when M is toric, each of the d p metrics are equivalent (via the Legendre transform) to the 
L v metric on the space of convex functions on the Delzant polytope P of M [33; Proposition 
4.5], and one can construct (^-unbounded sequences contained in a di-unit ball. More generally, 
for arbitrary M, the results of [23] can be readily used to construct such sequences. Finally, 
properness of the Calabi metric is not the correct notion either, since J is unbounded on T-L 
(Proposition [53]) while Calabi’s metric has finite diameter [T7] . 

In connection with m Conjecture 6.1], it would be interesting to see if similar facts also 
hold the for the K-energy E 1 . 

Remark 7.4. It would be interesting to extend Theorem 17.21 to the settings of Kahler-Ricci 
solitons or Kahler-Einstein edge metrics. Also, it is possible to modify the proof of Theorem l7.ll 
to other settings, e.g., Sasaki-Einstein metrics, twisted KE metrics [B8], or multiplier Hermitian 
structures [41] , For brevity, we do not pursue these here and leave this and related extensions 
to the reader. 

7.1 Proof of Theorem 17.11 

The equivalence of (ii) and (iii) is the content of Lemma 15.111 

For the equivalene between (i) and (ii) we wish to apply Theorem 13.41 to the data 

n = n 0 , d = di, F E {E 1 ,^ 1 }, G := Aut 0 (M,J). 

First, we go over Notation 13.11 First, in |( Al)[ 1Z = E\ n AM -1 (0) by Theorem 14.41 and Lemma 
15.21 Observe that |(A2)| holds by Propositions 15.191 and 15.211 (with (3 = 1). In |(A3)[ the 
minimizers of F are denoted by A4. Finally, |(A4)| holds since G C Aut(M, J)o implies that 
if g € G and rj E H then g.r] is both Kahler and cohomologous to rj, i.e., g.rj E 7~L. Thus, it 
remains to verify Hypothesis 13.21 

(PI) This is due to Berndtsson [12, Theorem 1.1] for F 1 and to Berman-Berndtsson [7, The¬ 
orem 1.1] for E 1 . 

(P2) For E 1 this is Proposition 15.281 with f3 = 1. For F 1 , this follows from Proposition 15.271 
with /3 = 1. 

(P3) This is Theorem 15.311 with (3 = 1. 

(P4) This is Lemma [531 

(P5) This follows from |(P3)| and the Bando-Mabuchi uniqueness theorem [3] Theorem A (ii)]- 

(P6) Suppose u E Ho is a Kahler-Einstein metric. We wish to apply Proposition 16.81 with 
K = Isom(M, g u )o and G = Aut(M, J)q. There are several points to check. First, we 
verify the assumptions of Proposition 16.21 (used in Proposition 16.8[) : (i) K is a compact 
connected subgroup of G by Proposition 16.121 (ii) According to Proposition 16.111 (with 
(3 = 1), Equation (1771) holds with a = 0 and £ = isom (M,g Uil ). Second, we verify the 
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assumptions of Proposition 16.81 

(i) K.u = u by definition; 

(ii) for each I 6 !, t 4 exp^ tJX.u is a di-geodesic. This is classical since by (H3l) and 
the fact that X £ isom(M, g Uu ) it follows that 

JX = (91) 

is a gradient (with respect to g Uu ) vector field [TT71 Theorem 3.5]. Indeed, first remark 
that Set w^(i) := cu(i) = expj tJX.u u . Thus, 

u(t) = exp 7 tJX.uju = o exp 7 tJX = o exp 7 t.JX, (92) 

and 

cu(t) = \f^ldd\X o expj tJX, 

i.e., (p(t) — |V(/?(t)|^ =0, which by an observation of Semmes and Donaldson [501130] 

( PV‘) 

means that ip{t) solves (fTTJl) . Thus, Theorem 14.41 implies t e-x <p(t) is a di-geodesic. The 
speed of this geodesic depends continuously on X by (|92l) and (USD; 

(iii) GxG B (f, g) d\{f.u,g.v) = d\ (it, f 1 og.v) by Lemma [5791 and this is a continuous 
map inGxG whenever u, v £ Ho are fixed. Indeed, if hk £ G converges to h £ G then 
hk- 0 J v converges smoothly to h.oj v and using the Green kernel of oj we see that also hk-v 
converges smoothly to h.v. Thus, d\{u,hk-v) converges to d\(u,h.v ) by p9l) . 

(P7) Both F 1 and E 1 are the path-integrals of G-invariant closed 1-forms on Hu- 


7.2 Proof of Theorem 17.21 

By Proposition [5J3 it suffices to verify the equivalence between (i) and (ii). We apply Theorem 
El but this time only in the direction (i) =>- (ii). To do so, we set 

n = H$, d = d u F £ {E 1 , E 1 }, G = {/}. 


By Lemma 15.141 1Z = £(' n AM 1 (0). All the properties (Al)j|(A4) (P1)||(P7) are inherited 


from Therem l7.ll with the exception of (P3)| and |(P5)[ We verify these then and then Theorem 
will automatically yield 


ii 


Claim 7.5. Assume that (i) holds. Property \ ( P3)\ holds. 

Proof. As H(f contains a Kahler-Einstein metric u, Theorem 15.311 (/3 = 1) gives that u min¬ 
imizes F globally on £\ , so in particular also on , giving u £ M. If v £ M. arbitrary, 
then F(u ) = F(v), hence another application of Theorem 15.311 gives that v is also smooth 
Kahler-Einstein, concluding that Xi C Hq . □ 

As we chose the group G to be trivial, to verify [(P5)j we have to show that Xi is a singleton. 
Before proving this we need to understand properties of the group K. 


Claim 7.6. Suppose (M, J, u;, g Uu ) is Kahler-Einstein with u £ Hq . Then K = Isom(M, g Uu ) o- 


Proof. By Theorem 16.121 IsomlM. o,., u )n is a maximal compact subgroup of Aut(M, J)o- By 
assumption K C Aut(M, J)o is also maximal and trivially K C Isom(M, gu u )o, hence in fact 
I\ =lsom(M,gu u )o- □ 
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Let L be a group. Recall that the centralizer and normalizer of a subgroup H are defined 
as follows: 

N h (L) :={geL : ghg~ l € H, Vh E if}. 

Ch(L) :={geL : ghg ~ l = h, Vh E H } C Njj(L). 

Note that Cl = Cx(L) is just the center of L. The following result is due to Hazod et al. |36, 
Theorem A] and we will make us of it shortly. 

Theorem 7.7. Suppose H be a compact subgroup of a connected Lie group L. Then the group 
Nh(L)/(HCh{L)) is a finite. 

Lemma 7.8. Suppose (M, J, u, g^fi) is Kahler-Einstein and that Aut(M, J)o has finite center. 
Then, A Isom(Mi ^ )o (Aut(M, J) 0 ) = Isom (M,g Uu ) 0 . 

Proof. We claim that 

C'Aut(M,J)o(Aut(M,J)o) = C' Isom (M, 9wu ) 0 (Aut(M, J) 0 ). (93) 

One inclusion is by definition; for the converse suppose that h E Ci som nv^ SuJu ) 0 (Aut(M, J)o). 
The map Aut(M, J)o 3 g *->• Ch{g) '■= hgh E Aut(IH, J)o is biholomorphic. Thus, dCfflX) = 
J dCh(X). Since Ch{g) = g whenever g E Isom(M,<7^)0, it follows that dCh(X) = X for each 
X E isorn (M,g Uu ). It follows from Proposition 16.91 that in fact dCh = Id identically. Since 
Aut(M, J) 0 is connected (i.e., the union of all of its 1-parameter subgroups passing through the 
identity), it follows that Ch is the identity map. Thus, h E CA u t(M,j) 0 (Aut(M, J)o)- 
Hence, By Theorem 17.71 


A r lsom(M,g„ u ) 0 ( Au t(M, J)o)/Isom(M, g Uu ) 0 

is finite, implying that AIis 0m (Af )9 ) 0 (Aut(M, J)o) is compact. By Theorem 16. 121 it follows that 
Xi sora (M,g u J o(Aut(Af, J)o) = Isom(M, g Uu ) G . □ 


Claim 7.9. Assume that (i) holds. 


Then M. is a singleton, hence (P5) holds. 


Proof. Suppose u, v E M. By Claims 1731 and 17161 we have Isom(M, g Uv )o = Isom(M, g Wu )o = K. 
Thus, 

f~ X Kf C Isom(M, f*g Uu )o = Isom (M,g Uv ) 0 = K. 

Thus, / E ATft-(Aut(M, J)o)- By Lemma [7781 NxiAuto^M, J)) = K, so u = f.u = v. □ 


We now turn to proving the direction (ii) =>- (i). 

Claim 7.10. If (ii) holds, PLq contains a Kahler-Einstein potential. 

Proof. As remarked earlier, (iii) holds by Proposition [531 The classical continuity method with 
a A'-invariant reference metric (observe Pl K is nonempty by averaging an arbitrary element of 
Pi with respect to the Haar measure of I\ ) produces a Kahler-Einstein potential when F = F 1 
[58 . Proposition] or F = E 1 pp. 2651-2653]. Since solutions ip(t) to 
are unique for each t € (0,1) [T2j Theorem 7.1], it follows that the Kahler-Einstein potential 
must be IP-invariant. □ 


For the remainder of the proof we fix a Kahler-Einstein potential u E Pi(f provided by the 
last claim. By Claim 1731 we have K = IsorriQ(M, g ljju ). It remains to show that the center of 
Aut(M, J)q is finite. For this we take a closer look at the normalizer of K: 
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Claim 7.11. Suppose (ii) holds. Then A r *-(Aut(M, J)o) is compact. 

Proof. It is trivial to verify that 7V^(Aut(M, J)q) acts on Tiff, hence g.u £ Kq for any g £ 
A r x(Aut(M, J)q). As g.u is Kahler-Einstein it follows that F(u) = F(g.u). 

By (ii), d\{u,g.u) is uniformly bounded for g £ IVx(Aut(M, J)o)- Let C be the map given 
by (1761) (recall Proposition 16.111) and consider 

S := C -1 (Afc(Aut(M, J) 0 )). 

Since C is continuous, S is closed in K x isom (M,g Uu ). To show that A r ft-(Aut(M, J)o) is 
compact we only need to show that S is bounded. For any (fc, A) € S' we can write 

di(u, C(k, J X).u) = di(u, k expj J X.u) = d\{u, exp 7 J X.u) > p\X\, 

where, using Theorem 14.31 

p := inf d\(u, expr JY.u) > 0, 

Yeisom(M,g Uu ),\Y\=l 

since [0, oo) 3 t —> expjtJX.u £ Hq is a di-geodesic ray initiating from u by the proof of |(P6)| 
in 47.11 Thus, |A| is uniformly bounded giving that S is a bounded set. □ 

As K = Isom(M, g Uu )o is maximally compact in Aut(M, J)o, 

N K (Aut(M, J) 0 ) = K. 

Thus, by (1931) (which uses only Proposition 16.91) . 

C , Aut(M,j) 0 = C , A'(Aut(M, J) 0 ) C N K (Aut(M, J) 0 ) = K. (94) 

But the Lie algebra of CAut(M,j) 0 must be trivial, since it is complex and is a Lie subalgebra 
of isom (M,g Uu ). Indeed, by Proposition 16.91 the only complex Lie subalgebra of isom (M,g Uu ) 
is the trivial one. Since CAut(M,j) 0 is compact by f[94|) . it must be finite. This concludes the 
proof of Theorem 17.21 

8 Kahler—Ricci solitons 

We now state our main result concerning existence of Kahler-Ricci solitons. Recall the defini¬ 
tion of &ut x (M, J) and Aut x (M, J) from (1851) . In this section we set 

G := Aut' Y (M, J). (95) 

Theorem 8.1. Let ( M,J,u ) be a Fano manifold with [w] = ci(X), let X £ aut(M, J) ; let T be 
the group determined by X given in (ED, and let F £ {F x , E x }. The following are equivalent: 

(i) There exists a Kahler-Ricci soliton associated to X in TLq. 

(ii) F is G-invariant and for some C,D > 0, 

F(u) > Cd 1>G (G0, Gu ) — D, u£ 

(in) F is G-invariant and for some C,D > 0, 

F(u) > CJ g (G 0, Gu) — D, u£ Hq. 
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Proof. By Lemma [5.111 it suffices to verify the equivalence between (i) and (ii). We apply 
Theorem El but this time only for F = F x . Recall G is defined in (19511 . For the remaining 
data in Notation [3TT1 we set 


7 Z = T-Lq, d = d\. 


Thus, in |(Al) 


lR25l In (A3) 


1Z = £f n AM 1 (0), by Lemma 15.141 Observe tha t |(A2) holds by Proposition 
the minimizers of F x are denoted by M. Finally, (A4) holds by Lemma 15.101 


Thus, it remains to verify Hypothesis 13.21 


(PI) This is due to H Theorem 1.1, Proposition 10.4] . 

(P2) This is Proposition 15.291 
(P3) This is Theorem 15.321 
(P4) This is Lemma 15.91 

(P5) This follows from |(P3j] and the Tian-Zhu uniqueness theorem [63] . 

(P6) Suppose u € M. is a Kahler-Ricci solition. We may apply Proposition 16.81 with K = 
Isom(M, gu u )o and G, since the assumptions of ProDosition lffi2l are verified by Proposition 
16.101 and an argument identical to the proof of | (P6) | in 117. 11 

(P7) F x is the path-integrals of G-invariant closed 1-forms on PL X . 

This concludes the proof of Theorem 18.11 for F = F x . 

We now let F = E x . By (1671) and the previous paragraph it suffices to verify the direction 
(ii) => (i). This is done in [63], [TT] Theorem 1.6]. □ 


9 Kahler—Einstein edge metrics. 


We now state our main result concerning existence of Kahler-Einstein edge metrics. Recalling 
([88]) . in this section we set 

G := Aut(M, D, J)o- (96) 

Theorem 9.1. Suppose is compact Kahler, D C M, and ft € (0,1) satisfy (H8lb Let 

F £ {F^,E^}. The following are equivalent: 

(i) There exists a Kahler-Einstein edge metric in H‘ j . 

(ii) F is G-invariant and for some C,D > 0, 

F(u) > Cdi )G (G0, Gu) -D, u£ 

(in) F is G-invariant and for some G, D > 0, 

F(u) > CJ g {Gu) -D, u£ H$. 


Proof. By Lemma 15.111 it suffices to verify the equivalence between (i) and (ii). We apply 
Theorem 13.41 but as in 1JH] only for F = F&. Recall G is defined in (1961) . For the remaining 
data in Notation 13.11 we set 


K = H J, d = di. 


holds by 
holds by 

Definition 15.161 Thus, it remains to verify Hypothesis 13.21 


Thus, in |(A1)[ 1Z = £jfl AM 1 (0), by Lemmas 15.21 and 15.171 Observe that (A2) 
Proposition 15.191 In |(A3)[ the minimizers of F are denoted by M. Finally, (A4) 
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(PI) This is [12, Theorem 6.4]. 

(P2) This is Proposition 15.271 
(P3) This is Theorem 15.311 
(P4) This is Lemma 15.101 

(P5) This follows from |(P3)| and the Berndtsson’s uniqueness theorem [T2J Theorem 6.4], 

(P6) Let u € M be a Kahler-Einstein edge metric. We may apply Proposition 16.81 with 
I\ = Isom(M, D, guj. u )o and G, since the assumptions of Proposition 16.21 are verified by 
Proposition 16.111 and the proof of |(P6)| in 17.11 

(P7) FP is the path-integrals of G-invariant closed 1-forms on Hu- 

This concludes the proof of Theorem 19.11 for F = F&. 

We now let F = . By (1671) and the previous paragraph it suffices to verify the direction 

(ii) =>- (i). For this, Theorem 13.41 thanks to Remark 13.91 (i) and Proposition 15.281 implies that 
A4 ^ 0. Finally, Theorem 15.311 gives that M. C TZ, as desired. □ 


10 Constant scalar curvature metrics 


We now state our main result concerning existence of constant scalar curvature metrics. In 
this section we set 

G := Aut(M, J) 0 . (97) 

Theorem 10.1. Let ( M,u >) be a Kahler manifold and suppose that minimizers of the K-energy 
E on £\ are smooth. Then the following are equivalent: (i) There exists a constant scalar 
curvature metric in H. 

(ii) E is G-invariant and for some G, D > 0, 

E(u) > Cd hG {G0,Gu) -D, u G Ho- 
(in) E is G-invariant and for some G, D > 0, 

F{u) > CJ g (Gu) -D, u£ 'Ha- 

Proof. The proof is the same as that of Theorem 17.11 except for the following points. For the 
equivalence between (i) and (ii) we apply Theorem 13.41 to the data 


7Z — Hq, d — d\, F — E. 


Again, in |(A1) 1Z = £\ fl AM x (0). Observe that condition |(A2)| holds by Proposition 15.261 


Property (PI) holds by [TJ Theorem 1.1], Property |(P2)| holds by Proposition 15.281 Property 
|(P3)| holds by assumption. Property |(P5)| holds by the work of Berman-Berndtsson 0 Theorem 
1.3]. Suppose u € Ho is a constant scalar curvature metric. By the same argument as the one 
in Theorem 17.11 due to Propositions 16.81 and 16.91 property |(P6)| holds with K = Isom(M, g Uu )o 
and G = Aut(M, J)q. □ 


36 



































Acknowledgments 

Research supported by BSF grant 2012236, NSF grants DMS-1206284,1515703 and a Sloan 
Research Fellowship. 


References 

[1] T. Aubin, Reduction du cas positif de l’equation de Monge-Ampere sur les varietes 
kahleriennes compactes a la demonstration d’une inegalite, J. Funct. Anal. 57 (1984), 143- 
153. 

[2] T. Aubin, Some nonlinear problems in Riemannian Geometry, Springer, 1998. 

[3] S. Bando, T. Mabuchi, Uniqueness of Kahler-Einstein metrics modulo connected group 
actions, in: Algebraic Geometry, Sendai, 1985, Advanced Studies in Pure Mathematics 10, 
1987, pp. 11-40. 

[4] E. Bedford, B.A. Tayor, A new capacity for plurisubharmonic functions, Acta Math. 149 
(1982), 1-40. 

[5] R.J. Berman, A thermodynamical formalism for Monge-Ampere equations, Moser- 
Trudinger inequalities and Kahler-Einstein metrics. Adv. Math. 248 (2013), 1254-1297. 

[6] R.J. Berman, S. Boucksom, Growth of balls of holomorphic sections and energy at equilib¬ 
rium, Invent. Math. 181 (2010), 337-394. 

[7] R.J. Berman, R. Berndtsson, Convexity of the K-energy on the space of Kahler metrics, 
preprint, arxiv:1405.0401. 

[8] R.J. Berman, S. Boucksom, V. Guedj, A. Zeriahi, A variational approach to complex Monge- 
Ampere equations, Publ. Math. Inst. Hautes Etudes Sci. 117 (2013), 179-245. 

[9] S. Boucksom, P. Eyssidieux, V. Guedj, A. Zeriahi, Monge-Ampere equations in big coho¬ 
mology classes, Acta Math. 205 (2010), 199-262. 

[10] R.J. Berman, T. Darvas, L.H. Chinh, Convexity of the extended K-energy and convergence 
of the weak Calabi flow, preprint in preparation, 2015. 

[11] R.J. Berman, D. Witt-Nystrom, Complex optimal transport and the pluripotential theory 
of Kahler-Ricci solitons, preprint, arxiv:1401.8264. 

[12] B. Berndtsson, A Brunn-Minkowski type inequality for Fano manifolds and some unique¬ 
ness theorems in Kahler geometry, Invent, math. 200 (2015), 149-200. 

[13] Z. Blocki, S.Kolodziej, On regularization of plurisubharmonic functions on manifolds, 
Proc. Arner. Math. Soc. 135 (2007), 2089-2093. 

[14] S. Boucksom, R. Berman, P. Eyssidieux, V. Guedj, A. Zeriahi, Kahler-Einstein metrics 
and the Kahler-Ricci flow on log Fano varieties, preprint, arxiv:1111.7158. 

[15] D. Bump, Lie groups, Springer, 2004. 

[16] H.D. Cao, G. Tian, X.-H. Zhu, Kahler-Ricci solitons on compact complex manifolds with 
C\ (M) > 0, Georn. Funct. Anal. 15 (2005), 697-719. 


37 



[17] E. Calabi, The variation of Kahler metrics. I. The structure of the space; II. A minimum 
problem, Bull. Amer. Math. Soc. 60 (1954), 167-168. 

[18] I.A. Cheltsov, Y.A. Rubinstein, Asymptotically log Fano varieties, preprint, 2013, 
arxiv: 1308.2503. 

[19] X.-X. Chen, A new parabolic flow in Kahler manifolds, Comm. Anal. Geom. 12, no. 4 
(2004). 

[20] X.-X. Chen, Chen Space of Kahler metrics (IV) - On the lower bound of the K-energy, 
arXiv:0809.4081. 

[21] X.-X. Chen, S.K. Donaldson, S. Sun, Kahler-Einstein metrics on Fano manifolds, I: ap¬ 
proximation of metrics with cone singularities, J. Amer. Math. Soc. 28 (2015), 183-197. 

[22] B. Clarke, Y.A. Rubinstein, Ricci flow and the metric completion of the space of Kahler 
metrics, Amer. J. Math. 135 (2013), 1477-1505. 

[23] T. Darvas, The Mabuchi completion of the space of Kahler potentials, preprint, 
arxiv:1401.7318. 

[24] T. Darvas, The Mabuchi geometry of finite energy classes, preprint, arxiv: 1409.2072. 

[25] T. Darvas, W. He, Geodesic rays and Kahler-Ricci trajectories on Fano manifolds, preprint, 
arxiv: 1411.0774 

[26] J.P. Demailly, Complex Analytic and Differential Geometry, 

https://www-fourier.ujf-grenoble.fr/ demailly/manuscripts/agbook.pdf. 

[27] W.-Y. Ding, Remarks on the existence problem of positive Kahler-Einstein metrics, Math. 
Ann. 282 (1988), 463-471. 

[28] W.Y. Ding, G. Tian, The generalized Moser-TYudinger inequality, in: Nonlinear Analysis 
and Microlocal Analysis (K.-C. Chang et al., Eds.), World Scientific, 1992, pp. 57-70. 

[29] I. A. Dolgachev, Classical algebraic geometry: a modern view, Cambridge University Press, 

2012. 

[30] S.K. Donaldson, Symmetric spaces, Kahler geometry and Hamiltonian dynamics, in: 
Northern California Symplectic Geometry Seminar (Ya. Eliashberg et al., Eds.), Amer. 
Math. Soc., 1999, pp. 13-33. 

[31] A. Futaki, An obstruction to the existence of Einstein Kahler metrics, Invent. Math. 73 
(1983), 437-443. 

[32] P. Gauduchon, Calabi’s extremal metrics: an elementary introduction, manuscript, 2010. 

[33] V. Guedj, The metric completion of the Riemannian space of Kahler metrics, preprint, 
arxiv:1401.7857. 

[34] V. Guedj, A. Zeriahi, The weighted Monge-Ampere energy of quasiplurisubharmonic func¬ 
tions, J. Funct. Anal. 250 (2007), 442-482. 

[35] H. Guenancia, M. Paun, Conic singularities metrics with prescribed Ricci curvature: The 
case of general cone angles along normal crossing divisors, preprint, arxiv: 1307.6375. 


38 


[36] W. Hazod, K.H. Hofmann, H.P. Scheffler, M. Wustner, H. Zeuner, Normalizers of com¬ 
pact subgroups, the existence of commuting automorphisms, and applications to operator 
semistable measures, J. Lie Theory 8 (1998), 189-209. 

[37] S. Helgason, Differential geometry, Lie groups, and symmetric spaces, Amer. Math. Soc., 

2001. 

[38] T. Jeffres, R. Mazzeo, Y.A. Rubinstein, Kahler-Einstein metrics with edge singularities, 
(with an appendix by C. Li and Y.A. Rubinstein), preprint, 2011, arxiv:1105.5216. 

[39] S. Kolodziej, The complex Monge-Ampere equation and pluripotential theory, Mem. 
Amer.Math. Soc. 178 (2005). 

[40] T. Mabuchi, Some symplectic geometry on compact Kahler manifolds I, Osaka J. Math. 
24, 1987, 227-252. 

[41] T. Mabuchi, Multiplier Hermitian structures on Kahler manifolds, Nagoya Math. J. 170 
(2003), 73-115. 

[42] D.H. Phong, J. Song, J. Sturm, Complex Monge-Ampere equations, in: Survey in Differ¬ 
ential Geometry XVII, Int. Press, 2012, pp. 327-410. 

[43] D.H. Phong, J. Song, J. Sturm, B. Weinkove, The Moser-Trudinger inequality on Kahler- 
Einstein manifolds, Amer. J. Math. 130 (2008), 651-665. 

[44] D.H. Phong, J. Sturm, Lectures on stability and constant scalar curvature, in: Current 
developments in mathematics 2007, Int. Press, 2009, pp. 101 176. 

[45] M.M. Postnikov, Geometry VI. Riemannian geometry, Springer, 2001. 

[46] Y.A. Rubinstein, On energy functionals, Kahler-Einstein metrics, and the Moser- 
Trudinger-Onofri neighborhood, J. Funct. Anal. 255, special issue dedicated to Paul Malli- 
avin (2008), 2641-2660. 

[47] Y.A. Rubinstein, Some discretizations of geometric evolution equations and the Ricci 
iteration on the space of Kahler metrics, Adv. Math. 218 (2008), 1526-1565. 

[48] Y.A. Rubinstein, Smooth and singular Kahler-Einstein metrics, in: Geometric and Spec¬ 
tral Analysis, (P. Albin et al., Eds.), Contemp. Math. 630, Amer. Math. Soc. and Centre 
de Recherches Mathematiques, 2014, pp. 45-138. 

[49] Y. Sano, The best constant of the Moser-Trudinger inequality on S 2 , Trans. Amer. Math. 
Soc. 356 (2003) 3477-3482. 

[50] S. Semrnes, Complex Monge-Ampere and symplectic manifolds, Amer. J. Math. 114 (1992), 
495-550. 

[51] Y.-T. Siu, The existence of Kahler-Einstein metrics on manifolds with positive anticanon- 
ical line bundle and a suitable finite symmetry group, Ann. of Math. 127 (1988), 585-627. 

[52] J. Song, B. Weinkove, Energy functionals and canonical Kahler metrics, Duke Math. J. 
137 (2007), 159-184. 

[53] J. Song and B. Weinkove, On the convergence and singularities of the J-flow with appli¬ 
cations to the Mabuchi energy, Comm. Pure Appl. Math. 61 (2008). 


39 



[54] J. Streets, Long time existence of minimizing movement solutions of Calabi flow, Adv. 
Math. 259 (2014) 688-729. 

[55] M. Stroppel, Locally compact groups, EMS Textbooks in Mathematics, 2006. 

[56] R.P. Thomas, Notes on GIT and symplectic reduction for bundles and varieties, in: Surveys 
in Differential Geometry: Essays in memory of S.-S. Chern (S.-T. Yau, Ed.), Int. Press, 
2006, pp. 221-273. 

[57] G. Tian, The K-energy on hypersurfaces and stability, Comm. Anal. Georn. 2 (1994), 
239-265. 

[58] G. Tian, Kahler-Einstein metrics with positive scalar curvature, Invent. Math. 130 (1997), 
1-37. 

[59] G. Tian, Canonical Metrics in Kahler Geometry, Birkhauser, 2000. 

[60] G. Tian, S.-T. Yau, Kahler-Einstein metrics on complex surfaces with C\ > 0, Comm. 
Math. Phys. 112 (1987), 175-203. 

[61] G. Tian, Existence of Einstein metrics on Fano manifolds, in: Metric and Differential 
Geometry (X.-Z. Dai et ah, Eds.), Springer, 2012, pp. 119-159. 

[62] G. Tian, X. Zhu, A nonlinear inequality of Moser-Trudinger type, Calc. Var. PDE 10 
(2000), 349-354. 

[63] G. Tian, X.-H. Zhu, Uniqueness of Kahler-Ricci solitons, Acta Math. 184 (2000), 271-305. 

[64] G. Tian, K-stability implies CM-stability, preprint, arxiv: 1409.7836. 

[65] G. Tian, K-stability and Kahler-Einstein metrics, Comm. Pure. Appl. Math. 68 (2015), 
1085-1156. 

[66] G. Tian, X.-H. Zhu, Properness of log F-functionals, preprint, arxiv: 1504.03197. 

[67] A. Zeriahi, Volume and capacity of sublevel sets of a Lelong class of plurisubharmonic 
functions, Indiana Univ. Math. J. 50 (2001), 671-703. 

[68] X. Zhang, X. Zhang, Generalized Kahler-Einstein metrics and energy functionals, Cana¬ 
dian J. Math. 66 (2014), 1413-1435. 

[69] B. Zhou, X. Zhu, Relative K-stability and modified K-energy on toric manifolds, Adv. 
Math. 219 (2008) 1327-1362. 

[70] X.-H. Zhu, Kahler-Ricci soliton typed equations on compact complex manifolds with 
C\ (M) > 0, J. Geom. Anal. 10 (2000), 759-774. 


University of Maryland 

tdarvasOmath.umd.edu, yanir@umd.edu 


40 



